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Abstract. For a lattice/linear code, we define the Voronoi spher-
ical cumulative density function (CDF) as the CDF of the `2-
norm/Hamming weight of a random vector uniformly distributed
over the Voronoi cell. Using the first moment method together
with a simple application of Jensen’s inequality, we develop lower
bounds on the expected Voronoi spherical CDF of a random lat-
tice/linear code. Our bounds are quite close to a trivial ball-based
lower bound and immediately translate to improved upper bounds
on the normalized second moment and the error probability of a
random lattice over the additive white Gaussian noise channel, as
well as improved upper bounds on the Hamming distortion and
the error probability of a random linear code over the binary sym-
metric channel.

1. Introduction and main results

This paper studies two fundamental quantities associated with lat-
tices in Rn, as well as their counterparts for linear codes in Fn2 . In
particular, for lattices we study the normalized second moment (NSM)
and the resilience to Gaussian iid noise. For linear codes, we study
the analogous quantities: the Hamming distortion (expected Hamming
distance of a uniform point on Fn2 to the code), and the resilience to
Bernoulli iid noise. Those quantities are instrumental for characteriz-
ing the performance of the lattice/linear code as a quantizer, as well as
its usefulness for reliable transmission of information over an additive
white Gaussian noise (AWGN) channel for the lattice case, and over a
binary symmetric channel (BSC) for the linear code case.

We now briefly describe our main results:

• The normalized second moment (NSM) of a unit covolume lat-
tice L ⊂ Rn is defined as GL = 1

n
E‖UL‖2

2, where UL is uniformly
distributed over the Voronoi cell of L (when covol(L) 6= 1, one
further normalizes by (covol(L))2/n). The NSM is trivially lower
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bounded by the second moment of the uniform distribution on
a unit-volume Euclidean ball. We show that for a random lat-
tice in Rn drawn from the natural distribution on the space
of lattices (the Haar-Siegel probability distribution µn, to be
defined in the sequel), the expected NSM exceeds this lower
bound only by a factor of 1 + O( 1

n
). The exact statement is in

Theorem 2.5, and an extension for the pth moment of a lattice
is proved in Theorem C.1. In particular, Theorem 2.5 shows
the existence of a lattice with NSM close to that of the ball by
a factor 1 + O( 1

n
) (this is actually true for almost all lattices,

Lemma 2.6). Prior to this work, the tightest upper bound on
the NSM of the “best” lattice in Rn was 1 + O( logn

n
) [ZF96].

This bound relied on upper bounding the covering density of
the best lattice. Since the covering density of any lattice in Rn

is known to be Ω(n) [CFR59], this technique is inherently lim-
ited, and cannot yield bounds better than 1+O( logn

n
). We note

that not only does Theorem 2.5 improve the optimal asymp-
totic scaling of the NSM, but it improves upon the best known
upper bounds even for moderate values of n. In particular, for
n ≥ 36 it attains tighter upper bounds on the NSM than the
best known ones, as reported in [AA23].

Furthermore, a canonical upper bound on the NSM of the
“best” infinite constellation with a given point density was de-
rived by Zador [Zad82]. To date, it was not known whether or
not this bound can be attained by lattices. In Theorem 2.7 we
show that for large n there are lattices attaining Zador’s upper
bound. This can be seen as an evidence that lattice quantizers
are as good as any other quantizer, as is essentially postulated
in Gersho’s conjecture [Ger79].
• The error probability Pe,σ2(L) of a lattice L at noise level σ2 is

defined as the probability that a Gaussian iid noise with zero
mean and variance σ2 falls outside of the Voronoi cell of L. In
Theorem 2.8 we prove a novel upper bound on the expected
error probability of a random lattice (drawn from µn). This
bound is numerically shown to be similar to the best known
previous upper bound due to [Pol94b, IZF12], but we were not
able to compare the two bounds analytically.
• For a linear code C ⊂ Fn2 of dimension 0 ≤ k ≤ n, the Hamming

distortion DC is defined as the expected Hamming weight of a
vector uniformly distributed over the Voronoi cell. This is also
the expected Hamming distortion when quantizing a uniform
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random vector on Fn2 to its nearest point in C. The Hamming
distortion of any such C is trivially lower bounded by the ex-
pected Hamming weight of the uniform distribution on a quasi
Hamming ball of size 2n−k (see Lemma 3.8). In Theorem 3.5 we
show that for a random linear code of dimension k, the expected
Hamming distortion exceeds this lower bound only by a univer-
sal constant (independent of n). To the best of our knowledge,
such a tight characterization was not known for linear codes
prior to this work.
• The error probability Pe(C, p) of a linear code C ⊂ Fn2 of dimen-

sion 0 ≤ k ≤ n at noise level p is defined as the probability
that a Bernoulli(p) iid noise falls outside of the Voronoi cell.
Equivalently, this is the block error probability of the [n, k]
linear code C over the BSC with crossover probability p. In
Theorem 3.11 we prove a new upper bound on the expected er-
ror probability of a random linear code. Near capacity, this
bound is numerically seen to improve upon the best known
finite-blocklength error probability upper bounds for the BSC
due to Poltyrev [Pol94a] and Polyanskiy-Poor-Verdú [PPV10].

1.1. Technical innovation. We give a high-level overview of the main
ideas used in the proofs for the results on lattices. The same ideas are
used for the analysis of linear codes.

The Voronoi cell VL of a lattice L ⊂ Rn is the set of all points in
Rn that are closer to 0 than to any other lattice point in L. Many
of the most important figures of merit of L are defined through its
Voronoi cell. For instance, the packing radius is the radius of the
largest ball contained in VL, the covering radius is the maximum norm
of a point in VL, the second moment of the lattice is the expected
energy of a random vector uniformly distributed on VL, and the lattice
error probability is the probability that iid Gaussian noise falls outside
of VL. Thus, studying the geometry of VL is key to analyzing the
above quantities. However, the Voronoi cell is a polytope dictated by
an exponential number of lattice points, and therefore characterizing
it exactly becomes intractable as n increases.

Our first observation is that many of the important lattice figures of
merit, including the four mentioned above, are rotation invariant, and
therefore only depend on VL through the function

gL(r) =
|rB ∩ VL|
|VL|

, r > 0,
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which we refer to as the Voronoi spherical cumulative density function
(CDF) of the lattice. Here, B is a unit radius Euclidean ball, and
| · | denotes the volume of a set in Rn (for a discrete set A, we abuse
notation and use |A| to denote the number of points in A). Note
that if UL ∼ Uniform(VL), then gL(r) = Pr(‖UL‖2 ≤ r) is the CDF
of its `2-norm, justifying the name Voronoi spherical CDF. Under the
criteria mentioned above, a lattice is considered “good” if its Voronoi
cell is “close” to a Euclidean ball with the same volume. In terms of
the Voronoi spherical CDF, this corresponds to having large gL(r) for
all r > 0. We therefore seek lower bounds on gL(r), which in turn,
translate to upper bounds on the NSM and error probability of the
lattice L.

Assume without loss of generality that L has unit covolume, so that
|VL| = 1. Define the projection of x ∈ Rn to VL as πL(x) = x−QL(x),
where QL(x) maps x to its nearest neighbor in the lattice L. The
projection of the ball rB to VL is defined as πL(rB) = {πL(x) : x ∈
rB}. Since ‖πL(x)‖ ≤ ‖x‖, we have that rB ∩ VL = πL(rB). Thus,
computation of gL(r) = |rB ∩ VL| reduces to computation of |πL(rB)|.

In [ORW25, Proof of Proposition 3.6], it was observed that

|πL(rB)| =
∫
x∈rB

1

|(x+ L) ∩ rB|
dx

=

∫
x∈rB

1

1 + |(L \ {0}) ∩ (rB − x)|
dx.

Evaluation of the expression above for a particular lattice L still seems
challenging. However, for a random lattice L, we can use the convexity
of t 7→ 1

1+t
together with Jensen’s inequality and obtain

EL[gL(r)] ≥
∫
x∈rB

1

1 + E [|(L \ {0}) ∩ (rB − x)|]
dx.

By Siegel’s summation formula (Minkowski-Hlawka Theorem) [Sie45],
we have that if L is drawn from the natural probability distribution µn
on the space of unit covolume lattices in Rn, then

E [|(L \ {0}) ∩ (rB − x)|] = |rB|, ∀x ∈ rB.

Consequently,

Eµn [gL(r)] ≥ |rB|
1 + |rB|

.

Note that the “best” (highest) Voronoi spherical CDF we could hope
for is min{|rB|, 1}, corresponding a perfect unit-volume ball. Our lower
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bound on Eµn [gL(r)] is quite close to this utopian behavior, and con-
sequently, using it for controlling the NSM and error probability of a
random lattice yields tight bounds.

A remarkable feature of our analysis is that it relies solely on the first
moment method, completely circumventing the need to deal with the
intricate statistical dependencies between k-tuples of points (k > 2) of
a random lattice.

1.2. Related work. The NSM of a lattice L ⊂ Rn is a well-studied
object, as it characterizes its performance as a quantizer under mean
squared error distortion (when entropy coding is further applied for
describing the obtained lattice point in bits). This is true in the
limit of high resolution quantization for any continuous source sat-
isfying mild regularity conditions, and if the source is Gaussian iid,
this is true for any distortion level [Zam14]. Consequently, characteriz-
ing/approximating the optimal NSM Gn at any dimension n is a topic
that received considerable attention [FT59, CS82, BS83, CS84, CS85,
CS88,ZF96,AE98,LWLC22,AA23,LL24,APKA24,PKAA24,APKA25].
It is well known that the NSM is lower bounded by the second moment
of a uniform distribution on a unit volume Euclidean ball. Using the
trivial fact that the second moment of a lattice is upper bounded by its
squared (normalized) covering radius,1 and the well-known fact that
there exist lattices in Rn whose covering radius is only 1 + O( logn

n
)

greater than the radius of the corresponding effective ball [Rog59], Za-
mir and Feder [ZF96] deduced that Gn approaches the ball lower bound
at rate 1 + O( logn

n
). To the best of the author’s knowledge, this was

the best known asymptotic upper bound on Gn prior to this work. The
optimal normalized second moment Gn is also related to the quantity
b2,n defined by Zador [Zad82], which quantifies the “quantization ef-
ficiency” [Ger79, Zam14]. The quantity b2,n essentially measures the
smallest mean squared error (MSE) distortion of any quantizer in Rn

with unit point density for a source X ∼ Uniform([−a, a)n) in the
limit a → ∞. In particular, Gn ≥ b2,n. Zador have proved an upper
bound on b2,n that essentially follows from drawing the quantizer re-
construction points according to a Poisson point process in Rn with
unit intensity [Zad82, Lemma 5]. The resulting quantizer is not a lat-
tice, and to date it was not known if lattices can achieve this upper
bound. Our Theorem 2.4 shows that for large n there are indeed lat-
tices that achieve Zador’s bound. In fact, a well-known conjecture due

1In fact, the second moment of any lattice is also at least 1/3 of its squared
(normalized) covering radius, and this bound is attained with equality for L = Zn.
This was conjectured by [HLR09] and proved in [Mag20].
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to Gersho [Ger79] postulates that the quantization cells of the opti-
mal quantizer are all congruent to some polytope (as is of course the
case for lattice quantizers), and our Theorem 2.4 is perhaps another
evidence for the validity of this conjecture. We note that our anal-
ysis of Gn involves studying the distribution of the distance between
X ∼ Uniform([−a, a)n) for large n, and a lattice L ⊂ Rn, as character-
ized by the Voronoi spherical CDF gL(r). A related random variable
was studied in [HLR09], where the distance to the lattice was nor-
malized by the covering radius, such that the normalized value is in
[0, 1].

The application of lattices as codebooks for reliable communication
over the AWGN channel has a rich history, dating back to Blake [Bla71],
de Buda [dB75], Conway and Sloane [CS83] and continuing with [For88a,
For88b,For89,Pol94b,Loe97,UR98,LSZ02,EZ04,ELZ05,IZF12,OE16],
as well as many other works. See also, e.g., [ZSE02, KZ09, NG11,
OEN14] and [Zam14, Chapter 12] for applications of lattices for multi-
user problems. In the classic communication setup, a rate-R power-
constrained codebook with 2nR vectors is constructed by taking the
intersection of L ⊂ Rn and a shaping region S ⊂ Rn (which is ideally
a Euclidean ball, or Euclidean ball-like) chosen such as to enforce the
power constraint. In order to single-out the geometry of L, ignoring
effects of shaping, Poltyrev [Pol94b] studied the tradeoff between the
point density of an infinite constellation and its error probability (in a
properly defined sense). When the infinite constellation is a lattice, this
corresponds to the question: what is the smallest probability, among all
lattices with unit covolume, that an iid N (0, σ2) Gaussian noise leaves
the Voronoi cell? Poltyrev derived upper bounds on the expected error
probability of a random lattice [Pol94b], and later an equivalent bound
was derived in simpler form in [IZF12]. It was shown in [IZF12] that
for σ2 smaller than, but close to, the normalized squared radius of a
ball with unit volume, the error probability is greater than that of a
ball only by a constant. See [Zam14, Chapter 13] for a comprehensive
analysis of the error probability of a random lattice. In Theorem 2.8
we prove a different upper bound on the expected error probability of
a random lattice. This bound is close to the bound given in [IZF12],
but it seems (numerically) that one bound does not dominate the other
in general. We also note in passing that for a non-lattice unit density
infinite constellation, tighter upper bounds on the error probability are
derived in [AB15].

The Hamming distortion of linear codes in Fn2 was first studied by
Goblick [Gob63], who proved that such codes can asymptotically attain
Shannon’s rate-distortion function for a symmetric binary source under
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Hamming distortion. In fact, Goblick’s proof relied on showing that
for every 0 ≤ r ≤ n there exists of a linear code C ⊂ Fn2 for which
the Voronoi spherical CDF QC(r), as defined in Section 3, is large.
This follows by choosing the generators of the code sequentially, and
ensuring that every new generator that is added sufficiently increases
the number of points in Fn2 that are r-covered. This type of argument is
also used for showing the existence of linear codes with small covering
radius [CHLL97]. Our bounding technique, on the other hand, enables
to lower bound EC[QC(r)] simultaneously for all 0 ≤ r ≤ n, where the
expectation is with respect to the natural random linear code ensemble.
It does not involve a sequential selection of the generators, and results
in a short and simple derivation of an upper bound on the expected
Hamming distortion of a linear code, that is greater by the ball lower
bound only by a constant.

Bounding the error probability of a code with M = 2k codewords for
transmission over n uses of a binary symmetric channel with crossover
probability p (BSC(p)), and in particular when the code is linear, is
one of the most classic topics in coding theory, see e.g., [Gal68,Pol94a,
BF02,PPV10] for a very partial list of references. While the vast ma-
jority of known bounds are based on some variation of the union bound
(perhaps, after discarding rare events) see [SS06, Chapter 1], the new
upper bound we derive in Theorem 3.11 avoids the union bound, as well
as the weight distribution of the code, altogether. Instead, it bounds
the error probability directly through the geometry as the Voronoi re-
gion, as captured by the Voronoi spherical CDF. As we only analyze
the expected error probability of a random code from the natural en-
semble, and do not explore expurgation, our bound is most useful for
rates close to capacity, where the sphere-packing lower bound is ex-
ponentially tight. In this regime, the best known bound prior to this
work is that of Poltyrev [Pol94a], which is also equivalent to the RCU
bound of [PPV10]. Near capacity our new bound is numerically shown
to be tighter than those bounds.

1.3. Paper structure. All results regarding lattices are developed in
Section 2, whereas all results regarding linear codes are developed in
Section 3. The two sections are self-contained, though the techniques
and ideas used in the two sections are analogous. Thus, a reader inter-
ested only in lattices but not in linear codes (or vice versa), may read
only Section 2 (or only Section 3).

1.4. Acknowledgments. The author is grateful to Uri Erez, Bo’az
Klartag, Yury Polyanskiy, Oded Regev and Barak Weiss for many use-
ful discussions. This work was supported by ISF 1641/21.
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2. Lattices

For a unit covolume lattice L ⊂ Rn, we define the Voronoi region as

VL
def
= {x ∈ Rn : ‖x‖2 ≤ ‖x− y‖2, ∀y ∈ L \ {0}} , (1)

where ‖x‖2 = (
∑n

i=1 x
2
i )

1/2
is the `2 norm, and ties are broken in

a systematic manner, such that VL is a fundamental cell of L. Let
UL ∼ Uniform(VL). The Voronoi spherical cumulative density function
(CDF) of L is defined as

gL(r)
def
= Pr(‖UL‖2 ≤ r), 0 ≤ r <∞. (2)

Many important properties of the lattice L are encoded in its Voronoi
spherical CDF. Before specifying how gL(r) encodes these properties,
we will need some definitions.

Recall that we denote the volume of a measurable set A ⊂ Rn by

|A| def
= vol(A). The unit-radius closed Euclidean ball in Rn is denoted

B def
= {x ∈ Rn : ‖x‖2 ≤ 1} , (3)

and its volume is

Vn
def
= |B| = πn/2

Γ(1 + n
2
)
, (4)

where Γ(·) is the Gamma function. Let

reff
def
= V

− 1
n

n , (5)

be such that |reffB| = 1. Note that

gL(r) =
1

|VL|
|rB ∩ VL| =

|rB ∩ VL|
Vnrn

·
(
r

reff

)n
, (6)

where the last equality follows since L has unit covolume.

Proposition 2.1. Let L ⊂ Rn be a unit covolume lattice in Rn. Then

(1) The packing radius of L is

rpack(L) = sup

{
r > 0 : gL(r) =

(
r

reff

)n}
(7)

(2) The covering radius of L is

rcov(L) = inf {r > 0 : gL(r) = 1} (8)

(3) The normalized second moment (NSM) of L is

GL
def
=

E‖UL‖2
2

n
=

1

n

∫ ∞
0

1− gL(
√
r)dr. (9)
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(4) Let Z ∼ N (0, In), The σ2-Gaussian error probability of L is

Pe,σ2(L)
def
= Pr(σZ /∈ VL) = E

1− gL(
√
σ2W )(

σ2W
reff

2

)n
2

 , (10)

where W ∼ χ2
n+2 is a chi-squared random variable with n + 2

degrees of freedom.

The proof is given in Appendix A. The fourth item is a consequence
of the following more general proposition, whose proof is also brought
in Appendix A.

Proposition 2.2. Let Z ∼ N (0, In), let K ⊂ Rn be a measurable
subset of Rn, and define

µσ2(K)
def
= Pr(σZ ∈ K). (11)

For UK ∼ Uniform(K), define

gK(r) = Pr(‖UK‖2 ≤ r) =
|K ∩ rB|
|K|

. (12)

Then

µσ2(K) = E

gK
(√

σ2W
)

(
σ2W

reff(K)2

)n
2

 , (13)

where W ∼ χ2
n+2 is a chi-squared random variable with n + 2 degrees

of freedom, and reff(K) is such that |reff(K) · B| = |K|.

2.1. Estimates for the expected Voronoi spherical CDF. We
say that a CDF F (r) majorizes a CDF G(r), and denote G � F ,
if G(r) ≤ F (r) for all r > 0. All four lattice properties above are
“improved” if the Voronoi spherical CDF gL is replaced by a majorizing
CDF. In particular, from (6) it is clear that for any unit covolume lattice
gL � gB where

gB(r) = min

{(
r

reff

)n
, 1

}
(14)

is the CDF function for the norm of a random variable uniformly dis-
tributed over the Euclidean ball of radius reff (such that its volume
is the same as that of VL). Thus, the Euclidean ball provides “in-
existence” bounds for the 4 quantities above. Our goal in this paper is
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to develop new “existence” bounds for GL and Pe,σ2 . To that end, we
find a CDF g(r) for which

E[gL] � g, (15)

where the expectation is with respect to some probability measure on
Ln, the space of lattices in Rn with covolume 1. If gB(r)− g(r) is small
for all r > 0, we will get useful bounds for the NSM and the Gaussian
error probability of a “typical” lattice.

Let TL = Rn/L be the quotient torus, and let πL : Rn → TL be the
quotient map. Note that VL is isomorphic to TL. Thus, one can think of
the quotient map as πL(x) = x−QL(x), where QL : Rn → L maps each
point in Rn to y ∈ L, such that x ∈ y+VL. Let mL : TL → [0, 1] denote
the Haar probability distribution on TL (equivalently, one can think of
mL as the uniform distribution on VL). Namely, for any A ⊂ TL we
have mL(A) = |A|. Observe that

gL(r) = Pr(‖UL‖2 ≤ r) = |rB ∩ VL| = mL(πL(rB)), (16)

where the last equality holds since, when we identify VL with TL, it
holds that ‖πL(x)‖2 ≤ ‖x‖2 for any x ∈ Rn. In particular, for all x ∈ rB
we have that πL(x) ∈ rB. Thus, πL(rB) ⊂ (rB ∩ VL). On the other
hand, for any point x ∈ VL we have that πL(x) = x, and consequently
πL(rB) ⊃ πL(rB ∩ VL) = (rB ∩ VL). Thus, πL(rB) = (rB ∩ VL). The
measure mL(πL(K)) of the projection of a compact set K ⊂ Rn to the
torus has been extensively studied in works ranging from the classic
papers of Rogers [Rog58] and Schmidt [Sch58] in the middle of the
previous century up to the recent progress in [ORW22,ORW25]. Using
these works, we now develop two lower bounds on E[gL(r)] under two
different distributions on L, as we elaborate below.

The collection Ln of lattices of covolume one in Rn can be identified
with the quotient SLn(R)/ SLn(Z), via the map

g SLn(Z) 7→ gZn (g ∈ SLn(R)). (17)

This identification endows Ln with a natural probability measure; namely,
there is a unique SLn(R)-invariant Borel probability measure on Ln.
Following [ORW22], we will refer to this measure as the Haar-Siegel
measure and denote it by µn. Due to its SLn(R)-invariance, the mea-
sure µn is referred to as the natural measure on the space of lattices in
the literature.
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Theorem 2.3. For L ∼ µn we have

E[gL(r)] ≥ g
Jensen

(r)
def
=

(
r
reff

)n
1 +

(
r
reff

)n , ∀r > 0. (18)

Using the characterization (16), the proof of Theorem 2.3 is an im-
mediate consequence of the derivation in [ORW25, Proof of Propo-
sition 3.6]. This derivation relies only on the first moment method
(Siegel’s summation formula/the Minkowski-Hlawka-Siegel Theorem)
and an application of Jensen’s inequality. For completeness, we repeat
the derivation from [ORW25, Proof of Proposition 3.6] below.

Proof of Theorem 2.3. Observe that for any compact set K ⊂ Rn it
holds that

mL(πL(K)) =

∫
x∈K

1

|(x+ L) ∩ K|
dx (19)

=

∫
x∈K

1

1 + |(L \ {0}) ∩ (K − x)|
dx. (20)

The function t 7→ 1
1+t

is convex in the regime t > 0, and we can
therefore write

E[mL(πL(K))] = E
[∫

x∈K

1

1 + |(L \ {0}) ∩ (K − x)|
dx

]
=

∫
x∈K

E
[

1

1 + |(L \ {0}) ∩ (K − x)|

]
dx (21)

≥
∫
x∈K

1

1 + E [|(L \ {0}) ∩ (K − x)|]
dx (22)

=

∫
x∈K

1

1 + |K|
dx (23)

=
|K|

1 + |K|
, (24)

where (21) follows from Fubini’s Theorem, (22) from Jensen’s inequal-
ity and (23) from Siegel’s summation formula. Taking K = rB and
applying this in conjunction with (16) we obtain

E[gL(r)] = E[mL(πL(rB))] ≥ |rB|
1 + |rB|

=

(
r
reff

)n
1 +

(
r
reff

)n , (25)

as claimed. �
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While g
Jensen

(r) is quite close to gB(r) for r < reff , it is strictly
smaller than 1 for all r > reff . This does not stem from a weakness of
our bounding technique. In fact, it is a consequence of the known fact
that for L ∼ µn, the probability that L avoids a set K ⊂ Rn of large
volume |K| � 1, decays only as 1/|K| [Str11]. On the other hand,
recent work [ORW22] showed that the covering radius of a random
lattice L ∼ µn is

(
1 +O

(
logn
n

))
reff with probability 1 − e−Ω(n). In

light of this, we consider a distribution µ̃n on the space of lattices Ln,
obtained by conditioning µn on the event that rcov(L) is small.

In particular, let

η = ηn
def
=
n

8
log

(
4

3

)
, (26)

and define the event

Eη =

{
L ∈ Ln :

(
rcov(L)

reff

)n
≤ 4n2η

}
. (27)

We define the distribution µ̃n on Ln as

µ̃n
def
= µn|Eη . (28)

Relying on classic results by Rogers [Rog58] and Schmidt [Sch58] and
the more recent result [ORW22] on the covering density of a random
lattice, we prove the following in Appendix B.

Theorem 2.4. Assume n ≥ 13, and define η and µ̃n as in (26)
and (28), respectively. For L ∼ µ̃n we have E[gL(r)] ≥ g

covering
(r),

∀r > 0, where

g
covering

(r) =


1− e−(r/reff)n − 23 · e−η/2 (r/reff)n < η/2

1− 24 · e−η/2 η/2 ≤ (r/reff)n < 4n2η

1 (r/reff)n ≥ 4n2η

≥ 1−
(
e−(r/reff)n + 24e−

η
2

)
1

{(
r

reff

)n
< 4n2η

}
We note that Theorem 2.4 above is the only result in this paper that

requires further tools beyond the first moment method.

2.2. Bounds on the NSM. We derive two lower bounds on E[GL]:
one for L ∼ µn and one for L ∼ µ̃n.

Theorem 2.5. Let n be an integer and and L ∼ µn. We have that

E[GL] ≤ 1

nV
2
n
n

· 1

sinc(2/n)
, (29)
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where

sinc(t)
def
=

sin(πt)

πt
. (30)

Note that for 36 ≤ n ≤ 48 this upper bound is smaller than the best
known NSM as reported in [AA23, Table 1].

Proof. Using Proposition 2.1 part 3, together with Theorem 2.3, we
have (using Tonelli’s Theorem)

nE[GL] =

∫ ∞
0

E[1− gL(
√
r)]dr (31)

≤
∫ ∞

0

1

1 +
(

r
reff

2

)n
2

dr (32)

= reff
2

∫ ∞
0

1

1 + t
n
2

dt. (33)

Finally, recalling that [GR07, Section 3.241] for any ν > 0,∫ ∞
0

1

1 + tν
dt =

π/ν

sin(π/ν)
=

1

sinc(1/ν)
, (34)

and that reff
2 = 1

V
2
n
n

, we obtain that

E[GL] ≤ 1

nV
2
n
n

· 1

sinc(2/n)
(35)

and the claimed result follows. �

It is well-known [CS88] that among all bodies in Rn of unit volume,
the second moment is minimized by reffB, and

GreffB
def
=

E‖UreffB‖2
2

n
=

n

n+ 2
· 1

nV
2/n
n

def
= G∗n, (36)

where UreffB ∼ Uniform(reffB). A simple application of Markov’s in-
equality shows that for large n, almost all lattices have near-optimal
NSM.

Lemma 2.6. Assume n ≥ 8 and let L ∼ µn. Then for any κ > 0

Pr (GL ≥ (1 + κ)G∗n) ≤ 4

κn
. (37)
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Proof. Define the random variable Y = YL = GL
G∗n
− 1, which is non-

negative with probability 1. By Markov’s inequality, we have

Pr (GL ≥ (1 + κ)G∗n) = Pr(Y ≥ κ) ≤ E[Y ]

κ
. (38)

Using sin(x) ≥ x(1− x2

6
) for x > 0, we have that for any 0 < x ≤ 1

π
it

holds that

1

sinc(x)
≤ πx

πx(1− (πx)2

6
)
≤ 1 +

1

5
(πx)2 < 1 + 2x2. (39)

Applying Theorem 2.5 we obtain (for n ≥ 8, such that 2
n
≤ 1

π
)

E[Y ] ≤ n+ 2

n

1

sinc(2/n)
− 1 ≤

(
1 +

2

n

)(
1 +

8

n2

)
− 1

=
2

n
+

8

n2
+

16

n3
<

4

n
, (40)

which yields the claimed result. �

The normalized second moment characterizes the expected squared
`2 distance between X drawn uniformly over a very large ball, and a
unit covolume lattice L. Similarly, we can define the normalized pth

moment G
(p)
L of a unit covolume lattice L as the expected pth power

of the `p distance between X and L. In Appendix C we provide the

precise definition and extend Theorem 2.5 for upper bound E[G
(p)
L ] for

L ∼ µn.
Next, we derive an upper bound for the expected NSM E[GL] for

L ∼ µ̃n.

Theorem 2.7. Let n ≥ 13 be an integer, and L ∼ µ̃n. We have that

E[GL] ≤ 1

nV
2
n
n

(
Γ

(
1 +

2

n

)
·
γ
(

2
n
, η

2

)
Γ
(

2
n

) + 60ne−
η
2

)
(41)

where η is defined in (26), γ(·, ·) is the lower incomplete gamma func-
tion, and Γ(·) is the Gamma function.

Note that as n grows, our upper bound above approaches the well-
known Zador [Zad82, Lemma 5] upper bound on the smallest MSE a
unit-density quantizer can achieve. In particular, Zador’s upper bound
shows that there exists an infinite constellation C ⊂ Rn with unit den-
sity, whose second moment is at most 1

nV
2
n
n

Γ
(
1 + 2

n

)
. To the best of

the author’s knowledge, until this work it was not known whether or
not there exist lattices in high dimensions that attain this bound.
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Proof. Let r1 = reff
2 ·
(
η
2

) 2
n and r2 = reff

2 · (4n2η)
2
n . Using Proposi-

tion 2.1 part 3, together with Theorem 2.4, we have (using Tonelli’s
Theorem)

nE[GL] =

∫ ∞
0

E[1− gL(
√
r)]dr (42)

≤
∫ r1

0

e
−
(

r
reff

2

)n
2

+ 23 · e−η/2dr +

∫ r2

r1

24 · e−η/2dr (43)

≤ 24r2e
−η/2 +

∫ r1

0

e
−
(

r
reff

2

)n
2

dr. (44)

Set c = reff
−n, and make the change of variables r =

(
u
c

) 2
n , dr =

2
nc2/n

u
2
n
−1du The integral above is∫ r1

0

e
−
(

r
reff

2

)n
2

dr =

∫ r1

0

e−cr
n
2 dr =

2

nc2/n

∫ cr
n/2
1

0

u
2
n
−1e−udu (45)

= reff
2 · 2

n
· γ

(
2

n
,

(
r1

reff
2

)n
2

)
(46)

= reff
2 · 2

n
· γ
(

2

n
,
η

2

)
. (47)

Recalling that reff
2 = V

− 2
n

n and that Γ(1 + 2
n
) = 2

n
Γ( 2

n
), we obtained∫ r1

0

e
−
(

r
reff

2

)n
2

dr = V
− 2
n

n Γ

(
1 +

2

n

)
·
γ
(

2
n
, η

2

)
Γ
(

2
n

) . (48)

Furthermore, since (4n2η)2/n < 5/2 for all n ≥ 13, we have

24r2 ≤ 24
(
4n2η

) 2
n reff

2 ≤ 60reff
2 = 60V

− 2
n

n , ∀n ≥ 13. (49)

This establishes our claimed result. �

2.3. Error probability of a random lattice. The error probability
of a unit covolume lattice L ⊂ Rn is defined as

Pe(L, σ
2) = Pr(σZ /∈ VL) = 1− Pr(σZ ∈ VL) = 1− µσ2(VL). (50)

Clearly,

µσ2(VL) ≤ µσ2(reffB), (51)

and similarly

Pe(L, σ
2) ≥ P SP(σ2)

def
= 1− µσ2(reffB). (52)
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We prove the following.

Theorem 2.8. Let n be an integer, let W ∼ χ2
n+2 be a chi-squared

random variable with n+ 2 degrees of freedom, and let

XW
def
=

(√
σ2W

reff

)n

. (53)

Then, for any σ2 > 0 we have that

Eµn [Pe(L, σ
2)] ≤ P SP(σ2) + E

[
min{XW , X

−1
W }

1 +XW

]
. (54)

Proof. By Proposition 2.2, for any unit-covolume L ⊂ Rn we have that

∆(L, σ2)
def
= µσ2(reffB)− µσ2(VL) (55)

= E

 1(√
σ2W
reff

)n (gB(
√
σ2W )− gL(

√
σ2W )

) (56)

= E
[

1

XW

(
gB

(
reffX

1/n
W

)
− gL

(
reffX

1/n
W

))]
. (57)

Consequently,

E[Pe(L, σ
2)] = P SP(σ2) +

(
E[Pe(L, σ

2)]− P SP(σ2)
)

= P SP(σ2) + (µσ2(reffB)− E[µσ2(VL)])

= P SP(σ2) + Eµn [∆(L, σ2)]

= P SP(σ2) + EW
[

1

XW

(
gB

(
reffX

1/n
W

)
− Eµn

[
gL

(
reffX

1/n
W

)])]
= P SP(σ2) + EW

[
1

XW

(
min{XW , 1} − Eµn

[
gL

(
reffX

1/n
W

)])]
(58)

≤ P SP(σ2) + EW
[

1

XW

(
min{XW , 1} −

XW

1 +XW

)]
, (59)

where in (58) we used gB

(
reffX

1/n
W

)
= min{XW , 1} which follows

from (14), and (59) follows from Theorem 2.3. This establishes (54).
�

One can also use Theorem 2.4 to derive an upper bound on Eµ̃n [Pe(L, σ
2)].

However, such bound is not useful for most values of n and σ2 due to
the e−η/2 term in g

covering
(r).
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Figure 1. Computation of the sphere packing lower
bound, the PMLB

e (σ2) bound from [IZF12, Theorem 2],
and the new upper bound from Theorem 2.8. The
bounds are plotted for σ2 = 0.95

2πe
and σ2 = 0.98

2πe
.

Remark 2.9. Let Z̃ ∼ χ2
n be a chi-squared random variable with n de-

grees of freedom. The best known upper bound to date on E[Pe(L, σ
2)],due

to Poltyrev [Pol94b] and Ingber, Zamir, and Feder [IZF12, Theorem 2],
see also [Zam14, Chapter 13.4], is the bound

Eµn [Pe(L, σ
2)] ≤ PMLB

e (σ2)
def
= E

min


(
σ2Z̃

reff
2

)n
2

, 1




= P SP(σ2) + E[XZ̃1{XZ̃ ≤ 1}], (60)

where

XZ̃
def
=

(√
σ2Z̃

reff

)n

. (61)

The bound we obtained in Theorem 2.8, is quite similar to PMLB
e (σ2).

An analytic comparison seems non-trivial. In Figure 1 we evaluate
the two bounds numerically, along with P SP(σ2) for σ2 = 0.95

2πe
and for

σ2 = 0.98
2πe

, and growing n. the two bounds are seen to be very close.

3. Linear codes

Let C ⊂ Fn2 be a linear code of dimension 0 ≤ k ≤ n. Denote the
Voronoi region of the code by

VC
def
= {x ∈ Fn2 : dH(x, 0) ≤ dH(x, y) ∀y ∈ C \ {0}} , (62)
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where dH(x, y) denotes the Hamming distance between x, y ∈ Fn2 , and
ties are broken in a systematic manner such that the cells c + VC,
c ∈ C form a disjoint partition of Fn2 . Clearly, |VC| = 2n−k. Let
UC ∼ Uniform(VC). The Voronoi spherical CDF of C is defined as

QC(r)
def
= Pr(|UC| ≤ r), r = 0, 1, . . . , n. (63)

Here and throughout, for a vector x ∈ Fn2 we denote its Hamming
weight by |x| =

∑n
i=1 xi. Recall that we abuse notation and also denote

the size of a set A ⊂ Fn2 as |A|.
As is the case for lattices, QC(r) encodes many of the important

properties of the code C. Before specifying how QC(r) encodes these
properties, we will need some definitions.

For integers 0 ≤ r ≤ n, denote the Hamming sphere of radius r in
Fn2 by

Sn,r
def
= {x ∈ Fn2 : |x| = r} , (64)

and the closed Hamming ball in Fn2 with radius r by

Bn,r
def
= {x ∈ Fn2 : |x| ≤ r} . (65)

Denote the size of Bn,r as

Vn,r = |Bn,r| =
r∑
j=0

(
n

j

)
. (66)

Note that

QC(r) =
1

|VC|
|Bn,r ∩ VC| = 2k−n |Bn,r ∩ VC| . (67)

Proposition 3.1. Let C ⊂ Fn2 be a linear code of dimension 0 ≤ k ≤ n.
Then

(1) The packing radius of C is

rpack(C) = max
{
r ∈ 0, 1, . . . , n : QC(r) = 2k−nVn,r

}
(68)

(2) The covering radius of C is

rcov(C) = min {r ∈ 0, 1, . . . , n : QC(r) = 1} (69)

(3) The Hamming distortion of C is

DC
def
=

E|UC|
n

=
1

n

n∑
r=0

1−QC(r). (70)
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(4) Let Z ∼ Ber⊗n(p), The error probability of C for crossover prob-
ability p is

Pe(C, p) = Pr(Z /∈ VC)

= 1− 2n−k

(
p

1− p
· pn +

1− 2p

1− p
E

[
QC(|Z|)(

n
|Z|

) ])
, (71)

where |Z| ∼ Binomial(n, p).

The proof is given in Appendix D. The fourth item is a consequence
of the following more general proposition, whose proof is also brought
in Appendix D.

Proposition 3.2. Let K ⊂ Fn2 be a subset, and for UK ∼ Uniform(K)
define

QK(r) = Pr(|UK| ≤ r) =
|K ∩ Bn,r|
|K|

. (72)

Then, for Z ∼ Ber⊗n(p) we have

µp(K)
def
= Pr(Z ∈ K) = |K|

(
p

1− p
· pn +

1− 2p

1− p
E

[
QK(|Z|)(

n
|Z|

) ])
, (73)

where |Z| ∼ Binomial(n, p).

3.1. Estimates for the expected Voronoi spherical CDF. For
k ∈ {1, . . . , n}, let the discrete Grassmannian Grn,k(F2) denote the
collection of subspaces of dimension k in Fn2 , or equivalently, all linear
codes of dimension k in Fn2 . Let TC = Fn2/C be the quotient group
corresponding to C ∈ Grn,k(F2), and let πC : Fn2 → TC be the projection
operator to the quotient group. Note that VC is isomorphic to TC. Thus,
one can think of of the quotient map as πC(x) = x−fC(x), where fC(x) :
Fn2 → C maps each point in Fn2 to its nearest codeword c ∈ C such that
x ∈ c + VC. For a set K ⊂ Fn2 we denote πC(K) = {πC(x) : x ∈ K}.
Let mC : TC → [0, 1] denote the normalized counting measure (uniform
distribution) on TC. Namely, for any A ⊂ TC we have

mC(A)
def
=
|A|
|TC|

= 2k−n|A|. (74)

Observe that for any K ⊂ Fn2 it holds that

mC(πC(K)) =
∑
x∈K

2k−n

|(x+ C) ∩ K|
=
∑
x∈K

2k−n

1 + |(C \ {0}) ∩ (K − x)|
. (75)
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Furthermore, observe that

QC(r) = Pr(|UC| ≤ r) = 2k−n|Bn,r ∩ VC| = mC(πC(Bn,r)), (76)

where the last equality holds since, when we identify VC with TC, it
holds that |πC(x)| ≤ |x| for any x ∈ Fn2 . In particular, for all x ∈ Bn,r
we have that πC(x) ∈ Bn,r. Thus, πC(Bn,r) ⊂ (Bn,r ∩ VC). On the other
hand, for any point x ∈ VC we have that πC(x) = x, and consequently
πC(Bn,r) ⊃ πC(Bn,r ∩ VC) = (Bn,r ∩ VC). Thus, πC(Bn,r) = (Bn,r ∩ VC).

Theorem 3.3. Let C be a random code drawn uniformly over Grn,k(F2).
Then, for any K ∈ Fn2 we have that

E[mC(πC(K))] ≥ 2k−n|K|
1 + 2k−n|K|

. (77)

In particular,

EC[QC(r)] ≥
2k−nVn,r

1 + 2k−nVn,r
. (78)

Proof. Starting from (75), and using Jensen’s inequality with the con-
vexity of t 7→ 1

1+t
, we obtain

E[mC(πC(K))] = E

[∑
x∈K

2k−n

1 + |(C \ {0}) ∩ (K − x)|

]
(79)

≥
∑
x∈K

2k−n

1 + E[|(C \ {0}) ∩ (K − x)]|
. (80)

Since C ∼ Uniform(Grn,k(F2)), for any x ∈ K it holds that

E[|(C \ {0}) ∩ (K − x)]| = 2k − 1

2n − 1
(|K| − 1) < 2k−n|K|. (81)

Thus,

E[mC(πC(K))] ≥
∑
x∈K

2k−n

1 + 2k−n|K|
=

2k−n|K|
1 + 2k−n|K|

, (82)

establishing (77). Combining (76) with (77) applied with K = Bn,r, we
obtain

E[QC(r)] = E[Pr(|UC| ≤ r)] ≥ 2k−n|Bn,r|
1 + 2k−n|Bn,r|

=
2k−nVn,r

1 + 2k−nVn,r
, (83)

which establishes (78). �
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3.2. Hamming distortion of a linear code. As a straightforward
consequence of Proposition 3.1 and of Theorem 3.3 we obtain the fol-
lowing.

Theorem 3.4. Let C be a random code drawn uniformly over Grn,k(F2).
Then,

E[DC] ≤
1

n

n−1∑
r=0

1

1 + 2k−nVn,r
. (84)

Proof. Combining part 3 of Proposition 3.1 and (78) of Theorem 3.3,
we obtain

E[DC] =
1

n

n−1∑
r=0

E[1−QC(r)] (85)

≤ 1

n

n−1∑
r=0

1− 2k−nVn,r
1 + 2k−nVn,r

(86)

=
1

n

n−1∑
r=0

1

1 + 2k−nVn,r
, (87)

as claimed. �

For a set K ⊂ Fn2 of size |K|, we define reff = reff(K) as the unique
integer 0 ≤ reff ≤ n such that Vn,reff−1 < |K| ≤ Vn,reff

, with the conven-
tion that Vn,−1 = −∞. We further define the quasi-ball BK as the union
of Bn,reff−1 and the first |K| − Vn,reff−1 vectors of Hamming weight reff

in lexicographic order (there is no significance to which |K| − Vn,reff−1

vectors of Hamming weight reff we choose, we take the first ones in
lexicographic order just to avoid ambiguity). For a linear code C ⊂ Fn2
of dimension 0 ≤ k ≤ n, we have that reff(VC), as well as BVC , depend
only on k and n, and we therefore denote them by

reff(n, k)
def
= min{r : 2n−k ≤ Vn,r}, (88)

and B̄n,k, respectively.
Let UB̄n,k ∼ Uniform(B̄n,k). We clearly have that for any C ∈

Grn,k(F2)

DC ≥ D∗n,k =
1

n
E|UB̄n,k |. (89)

See Lemma 3.8 below for a more general statement. Defining QB̄n,k(r)
as in (72), we also have that

QB̄n,k(r) = min{2k−nVn,r, 1}, (90)
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and therefore, using item 3 of Proposition 3.1, that holds for any set,
not just a Voronoi region, we have

D∗n,k =
1

n

reff(n,k)−1∑
r=0

1− 2k−nVn,r. (91)

Combining this with Theorem 3.4 we obtain

∆(n, k)
def
= n(E[DC]−D∗n,k) (92)

=

reff(n,k)−1∑
r=0

x2
r

1 + xr
+

n−1∑
r=reff(n,k)

1

1 + xr
, (93)

where

xr = xr,n,k
def
= 2k−nVn,r. (94)

We prove the following result in Appendix D.

Theorem 3.5. Assume k > αn for some α > 0. Then, there exists a
universal constant c = cα > 0, independent of n, such that ∆(n, k) < c.

Remark 3.6. The result above requires that k is not too small. We
claim that while our requirement k = Ω(n) may possibly be relaxed, a
lower bound on k is unavoidable. In particular, if k = 1, the expected
distortion DC is minimized by C = {0 . . . 0, 1 . . . 1} (which is a perfect
code, that attains the lower bound D∗n,1). On the other hand, E[DC] is

higher by Ω(
√
n).

Remark 3.7. A related quantity to DC is the covering radius rcov(C).
In particular, nDC ≤ rcov(C). For any code, the covering radius is at
least reff(n, k), and there exist codes with covering radius reff(n, k) +
O(log n) [CHLL97]. One can use such bounds to deduce that there
exists C with n(DC−D∗n,k) = O(log n). Our Theorem 3.5 is significantly
tighter as it bounds this gap by a constant.

3.2.1. Lossy compression of binary symmetric source under Hamming
distortion. Let X ∼ Ber⊗n(1/2), and let 0 ≤ R ≤ 1. An (n,R,D)
code for X consists of an encoder2 f : Fn2 → [b2nRc]. and a decoder
g : [b2nRc]→ Fn2 , such that

1

n
E[dH(X, g(f(X))] ≤ D. (95)

2For x > 1 we write bxc to denote the largest integer smaller than x, and
[bxc] = {1, . . . , bxc}.
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Denote

Dn(R) = min{D : ∃(n,R,D)− code}. (96)

It is well-known [CT12,PW25] that

D(R) ≤ Dn(R) < D(R) +O

(
log n

n

)
. (97)

where

D(R) = 1− h−1
2 (R), (98)

and h2(p) = −p log2(p)−(1−p) log2(1−p), whereas h−1
2 (·) is its inverse

restricted to [0, 1/2). In fact, [ZYW97, Theorem 1] shows that

Dn(R) = D(R)−D′(R)
log n

2 log n
+ o

(
log n

n

)
(99)

The following claim is essentially3 stated in [Gob63, eq. 4.6-4.7], and
for completeness of exposition we provide a proof in Appendix D.

Lemma 3.8. Assume R = k
n

for some integer 0 ≤ k ≤ n, then
Dn(R) ≥ D∗n,k.

In light of this, and of Theorem 3.5, we have the following.

Theorem 3.9. Let 0 ≤ k ≤ n be an integer, and R = k
n
> α > 0.

Then

Dn(R) = D∗n,k +Oα

(
1

n

)
, (100)

and this is achievable using a linear code.

Proof. The lower bound Dn(R) ≥ D∗n,k follows from Lemma 3.8. For
the upper bound, we construct f and g from a linear code C as follows.
We enumerate the 2k points in C. The encoder f(X) outputs the index
of the codeword c ∈ C for which X ∈ c+VC, and the decoder g outputs
c based on this index. The reconstruction error is uniformly distributed
on VC and therefore the obtained distortion is DC. By Theorem 3.5,
there must exist a code C with DC ≤ E[DC] < D∗n,k + cα/n, establishing
our claim. �

3Our definition of D∗
n,k corresponds to the average distortion of a quasi-ball with

size 2n−k, whereas Goblick lower bounds the expected distortion of a code with 2k

codewords by the average distortion of the largest ball whose size is at most than
2n−k.
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Remark 3.10. Let C be the image of the decoder g(·). If C is not re-
stricted to be a linear code (a subspace of Fn2 ), one can obtain even better
upper bounds on the expected distortion. In particular, if we draw the
2nR = 2k points of C iid uniformly on Fn2 , we will obtain [KV16],[PW25,
Ex. V3]

nE[D] ≤
n∑
r=0

(
1− 2−nVn,r

)2k ≤
n∑
r=0

(
1− 2k−nVn,r

)
≤

n∑
r=0

1

1 + 2k−nVn,r
, (101)

where the last bound is the bound from Theorem 3.4. However, the first
inequality relies on the statistical independence of all 2k codewords.
Since codewords in a linear code are just pairwise independent, this
derivation is not valid for linear codes.

3.3. Error probability of a linear code. Let p ∈ (0, 1/2) and let
Z ∼ Ber⊗n(p). For a set K ⊂ Fn2 let

µp(K)
def
= Pr(Z ∈ K) = (1− p)n

∑
x∈K

(
p

1− p

)|x|
. (102)

By definition, |B̄n,k| = |VC|, and since
(

p
1−p

)|x|
is monotonically de-

creasing in |x|, we have that

µp(VC) ≤ µp(B̄n,k). (103)

Let X ∼ Uniform(C) be statistically independent of Z. The error
probability in maximum-likelihood decoding of X from the output Y =
X+Z of the binary symmetric channel with crossover probability p, is

Pe(C, p) = 1− µp(VC). (104)

Clearly,

Pe(C, p) ≥ Pe(B̄n,k, p) = 1− µp(B̄n,k)
def
= P SP

n,k(p), (105)

which is referred to as the sphere packing lower bound in the literature.
We prove the following.

Theorem 3.11. Let C be a random code drawn uniformly over Grn,k(F2).
Then, for any p ∈ (0, 1/2) we have that

E[Pe(C, p)] ≤ P SP
n,k(p) +

1− 2p

1− p
E

[
Vn,W(
n
W

) · min{xW , x−1
W }

1 + xW

]
(106)

where where W ∼ Binomial(n, p), and xr = 2k−nVn,r.
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Proof. We have

E[Pe(C, p)] = P SP
n,k(p) +

(
E[Pe(C, p)]− P SP

n,k(p)
)

= P SP
n,k +

(
µp(B̄n,k)− E[µp(VC)]

)
. (107)

By Proposition 3.2 and (90), we have that

µp(B̄n,k) = 2n−k

(
p

1− p
· pn +

1− 2p

1− p
E

[
min{2k−nVn,|Z|, 1}(

n
|Z|

) ])
.

(108)

Similarly, by Proposition 3.2 (or part 4 of Proposition 3.1) together
with Theorem 3.3, we obtain that for C ∼ Uniform(Grn,k(F2))

E[µp(VC)] ≥ 2n−k

(
p

1− p
· pn +

1− 2p

1− p
E

[
2k−nVn,|Z|(

n
|Z|

) (
1 + 2k−nVn,|Z|

)]) .
(109)

Consequently, we obtain

∆p
n,k

def
= µp(B̄n,k)− E[µp(VC)]

≤ 1− 2p

1− p
2n−kE

[
1(
n
|Z|

) (min{x|Z|, 1} −
x|Z|

1 + x|Z|

)]

=
1− 2p

1− p
2n−kE

[
1(
n
|Z|

) (min{x2
|Z|, 1}

1 + x|Z|

)]

=
1− 2p

1− p
2n−kE

[
1(
n
|Z|

) (min{2k−nVn,|Z| · x|Z|, 2k−nVn,|Z| · x−1
|Z|}

1 + x|Z|

)]

=
1− 2p

1− p
E

[
Vn,|Z|(
n
|Z|

) · min{x|Z|, x−1
|Z|}

1 + x|Z|

]
. (110)

Substituting this into (107) established the claim. �

Remark 3.12. The benchmark upper bound to date for the binary
symmetric channel is the so-called random coding upper bound (RCU
bound) from [Pol94a] and [PPV10, Theorem 33], which implies that for
a random linear code

E[Pe(C, p)] ≤ RCU(n, k, p)
def
= E

[
min

{
1, 2k−nVn,W

}]
. (111)

It is not straightforward to compare the upper bound from Theorem 3.11
and the RCU bound. However, numerically it seems that the new bound
from Theorem 3.11 does dominate the RCU bound. See Figure 2 for a
numeric demonstration.
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Figure 2. Computation of the sphere packing lower
bound, the RCU bound from [PPV10, Theorem 33], and
the new upper bound from Theorem 3.11. The bounds
are plotted for p = 0.07 and p = 0.1, even values of n
and k = n/2.

Appendix A. Proofs of claims for lattices

Proof of Proposition 2.1. The first item follows since

rpack(L) = sup{r : rB ⊂ VL} = sup

{
r : gL(r) =

(
r

reff

)n}
, (112)

where in the second equality we have used (6). The second item follows
since

rcov(L) = sup
x∈Rn

min
y∈L
‖x− y‖2 = sup

x∈VL
‖x‖2. (113)

For the third item, we write

E‖UL‖2 =

∫ ∞
r=0

Pr(‖UL‖2 > r)dr =

∫ ∞
r=0

1− Pr(‖UL‖ ≤
√
r)dr. (114)

The fourth item follows directly from Proposition 3.2. �
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Proof of Proposition 2.2. Denote Cn = Cσ2,n = 1
(2πσ2)n/2

and let U =

UK ∼ Uniform(K). It immediately follows that

µσ2(K) = Cn · |K| · E
[
e−
‖U‖22
2σ2

]
(115)

= Cn · |K| ·
∫ ∞

0

Pr

(
e−
‖U‖22
2σ2 ≥ r

)
dr (116)

= Cn · |K| ·
∫ 1

0

Pr

(
‖U‖2 ≤

(
2σ2 log

(
1

r

)) 1
2

)
dr (117)

= Cn · Vnreff
n ·
∫ 1

0

Pr

(
‖U‖2 ≤

(
2σ2 log

(
1

r

)) 1
2

)
dr (118)

Making the change of variables r = e−
w
2 , dr = −1

2
e−

w
2 dw, we obtain

µσ2(K) = Cn · Vnreff
n ·
∫ ∞

0

1

2
e−

w
2 Pr

(
‖U‖2 ≤

√
σ2w

)
dw (119)

= Cn · Vnreff
n · 2

n
2 Γ
(

1 +
n

2

)
·
∫ ∞

0

w
n+2

2
−1e−

w
2

2
n+2

2 Γ
(
n+2

2

) Pr
(
‖U‖2 ≤

√
σ2w

)
w

n
2

dw (120)

= Cn · Vn · 2
n
2 Γ
(

1 +
n

2

)
· E

Pr
(
‖U‖2 ≤

√
σ2W

)
(

W
reff

2

)n
2

 . (121)

It remains to evaluate the term multiplying the expectation. Recalling
the definitions of Vn, and of Cn, we have

Cn · V2,n · 2
n
2 Γ
(

1 +
n

2

)
=

1

(σ2)
n
2

. (122)

Substituting this into (121), establishes the claim. �

Appendix B. Proof of Theorem 2.4

We now recall some fundamental results of Rogers and Schmidt. For
a Borel measurable subset J ⊂ Rn, and a lattice L ∈ Ln, let

ε(J, L)
def
= 1−mL (πL(J)) ;

equivalently, ε(J, L) is the density of points in Rn not covered by L+J .
Also recall the definition of η from (26). With these notations, the
following is a corollary of [Sch58] (see also [Rog58], where a similar
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bound was shown for larger η, but with a large constant cRog instead
of the constant 7 below):

Theorem B.1 (Corollary of Theorem 4 of [Sch58]). For all n > 13
and for every Borel measurable J ⊂ Rn with

V
def
= |J | ≤ η

and bounded diameter we have∣∣Eµn [ε(J, L)]− e−V
∣∣ < 7 · e−η.

Proof. First, it is straightforward to verify that for V ≤ η we have that

e−V (3/4)n/2e4V ≤ e−η, e−V V n−1n−n+1eV+n ≤ e−η, (123)

and consequently for |R| defined in [Sch58, eq. (3)], we have e−V |R| <
7e−η.

Let z = diam(J) ·
√

1
4n
· [1 · · · 1]> ∈ Rn, and define CUBE(a) =

z + [0, a)n ⊂ Rn. Note that for any t ∈ CUBE(a) there is no x ∈ Rn

such that both x ∈ (t+ J) and −x ∈ (t+ J). We have that

ε(J, L) = lim
a→∞

1

an

∫
x∈CUBE(a)

1{|L ∩ (x+ J)| = ∅}dx. (124)

Consequently, by the bounded convergence theorem

Eµn [ε(J, L)] = lim
a→∞

1

an

∫
x∈CUBE(a)

Eµn [1{|L ∩ (x+ J)| = ∅}]dx (125)

= lim
a→∞

1

an

∫
x∈CUBE(a)

µn {L ∈ Ln : L is (x+ J)− admissible} dx

(126)

= lim
a→∞

1

an

∫
x∈CUBE(a)

e−V (1−R)dx (127)

∈ e−V ± 7e−η, (128)

where in (127) we have applied [Sch58, Theorem 4], and in the last step
we used the fact that e−V |R| ≤ 7e−η provided that |J | ≤ η. �

Applying Theorem B.1 with J = rB, whose volume is |J | = (r/reff)n,
we obtain the following.

Corollary B.2. Assume (r/reff)n ≤ η. Then, for L ∼ µn we have

E[gL(r)] ≥ 1− e−(r/reff)n − 7 · e−η. (129)
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Also, a straightforward application of Markov’s inequality gives the
following Corollary of Theorem B.1.

Corollary B.3. For J with volume |J | = η, we have

µn
({
L ∈ Ln : ε(J, L) > e−η/2

})
≤ 8e−η/2 (130)

Tracking down the constants in [ORW22, Theorem 1.2], gives the
following.

Theorem B.4 (Special case of Theorem 1.2 from [ORW22]). For

Eη = {L ∈ Ln : rcov(L) ≤ 4n2η} (131)

and L ∼ µn, we have

Pr(L /∈ Eη) ≤ 16e−η/2. (132)

To obtain this result we apply the proof of [ORW22, Theorem 1.2],
with V = η, and n < p < 2n, using Corollary B.3 instead of [ORW22,
Corollary 2.4]. Note also that for n ≥ 13 we have that V = η > 2 ln 2.
This gives that the covering density of L is smaller or equal to p2V =
p2η < 4n2η with probability at least

1−
(
8e−V/2 + e2n/pe−V/2

)
≥ 1− 16e−V/2 = 1− 16e−η/2.

With this, we are ready to prove Theorem 2.4. Recall that µn is the
Haar-Siegel probability distribution, and µ̃n = µn|Eη . For all r > 0, we
have

Eµn [gL(r)] = Pr(L ∈ Eη)E[gL(r)|L ∈ Eη] + Pr(L /∈ Eη)E[gL(r)|L /∈ Eη]
= Pr(L ∈ Eη)Eµ̃n [gL(r)] + Pr(L /∈ Eη)E[gL(r)|L /∈ Eη]
≤ Eµ̃n [gL(r)] + Pr(L /∈ Eη). (133)

Rearranging and applying Corollary B.2 and Theorem B.4, we obtain
that for (r/reff)n ≤ η/2

Eµ̃n [gL(r)] ≥ 1− e−(r/reff)n − 7 · e−η − 16e−η/2 (134)

≥ 1− e−(r/reff)n − 23 · e−η/2. (135)

By monotonicity of r 7→ gL(r), we have that Eµ̃n [gL(r)] ≥ 1−24e−η/2 for
(r/reff)n ≥ η/2. Finally, by definition of µ̃n we have that for (r/reff)n >
4n2η it holds that gL(r) = 1 with probability 1 for L ∼ µ̃n. This
establishes the claimed result.
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Appendix C. Normalized pth Moment

Let p > 0 be a real number. For a unit covolume lattice L ⊂ Rn and
the `p norm ‖ · ‖p on Rn, we define the p-Voronoi region as

V(p)
L

def
= {x ∈ Rn : ‖x‖p ≤ ‖x− y‖p, ∀y ∈ L \ {0}} , (136)

where ties are broken in a systematic manner, such that V(p)
L is a fun-

damental cell of L. Let TL
def
= Rn/L be the quotient torus, which is

isomorphic to V(p)
L , and let mL be the Haar probability measure on TL,

and πL : Rn → TL be the quotient map.

Let U
(p)
L = UL ∼ Uniform(V(p)

L ). We define the normalized pth
moment of L as

G
(p)
L

def
=

E(‖UL‖pp)
n

(137)

Let

B(p) def
= {x ∈ Rn : ‖x‖p ≤ 1} (138)

be the unit closed ball with respect to ‖ · ‖p, ans let Vp,n be its vol-
ume. The main result of this section, is the following extension of
Theorem 2.5.

Theorem C.1. Let n be an integer and p > 0, and L ∼ µn. We have
that

E[G
(p)
L ] ≤ 1

nVp,n
p/n
· 1

sinc(p/n)
. (139)

Proof. Fix a unit covolume lattice L ⊂ Rn. Since ‖UL‖p is a non-
negative random variable, we have that

E‖UL‖pp =

∫ ∞
0

Pr(‖UL‖pp > r)dr =

∫ ∞
0

Pr(‖UL‖p > r1/p)dr. (140)

We further have that

Pr(‖UL‖p > r1/p) = 1− Pr(‖UL‖p ≤ r1/p), (141)

and that

Pr(‖UL‖p ≤ r1/p) = |r1/pB(p) ∩ V(p)
L | = mL(πL(r1/pB(p))), (142)

where the justification of the last equality is similar to that of (16).
We have therefore obtained that

E‖UL‖pp =

∫ ∞
0

1−mL(πL(r1/pB(p)))dr. (143)
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Now, further averaging with respect to L ∼ µn and using Tonelli’s
Theorem, we get

E‖UL‖pp =

∫ ∞
0

1− E[mL(πL(r1/pB(p)))]dr. (144)

Using (24) applied with K = r1/pB(p), we have that

E[mL(πL(r1/pB(p)))] ≥ |r1/pB(p)|
1 + |r1/pB(p)|

=
rn/pVp,n

1 + rn/pVp,n
, (145)

and therefore

E‖UL‖pp ≤
∫ ∞

0

1

1 + (rVp,n
p/n)n/p

dr (146)

=
1

Vp,n
p/n

∫ ∞
0

1

1 + tn/p
dt. (147)

Finally, using (34) we have that for any ν > 0,∫ ∞
0

1

1 + tν
dt =

π/ν

sin(π/ν)
=

1

sinc(1/ν)
, (148)

and we obtain that

E‖UL‖pp ≤
1

Vp,n
p/n
· 1

sinc(p/n)
, (149)

establishing the claimed result. �

To put this result in context, it is easy to see that for any unit
covolume lattice L ⊂ Rn it holds that

G
(p)
L ≥ G∗n,p

def
=

1

(n+ p)Vp,n
p/n

. (150)

This follows by setting S = reffB(p), where reff = 1
Vp,n1/n is chosen so

that |S| = 1 = |V(p)
L |, and computing E‖US‖pp for US ∼ Uniform(S).

Clearly, E‖UL‖pp ≥ E‖US‖pp, and E‖US‖pp can be computed as in (140),
noting that

Pr(‖US‖pp ≥ r) =

{
1− rn/pVp,n 0 ≤ r ≤ rpeff

0 r > rpeff

. (151)

The following is the analogue of Lemma 2.6 for general p > 0.

Lemma C.2. Let p > 0 and n ≥ 4p be an integer. Then, for L ∼ µn

Pr
(
G

(p)
L > (1 + κ)G∗n,p

)
≤ 2p

κn
. (152)
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Proof. Define the random variable Y =
G

(p)
L

G∗n,p
− 1, which is non-negative

with probability 1. By Markov’s inequality, we have

Pr
(
G

(p)
L ≥ (1 + κ)G∗n,p

)
= Pr(Y ≥ κ) ≤ E[Y ]

κ
. (153)

Using sin(x) ≥ x(1− x2

6
) for 0 < x < 1, we have that for any 0 < x ≤ 1

π
it holds that

1

sinc(x)
≤ πx

πx(1− (πx)2

6
)
≤ 1 +

1

5
(πx)2 < 1 + 2x2. (154)

Applying Theorem C.1 we obtain (for n ≥ 4p such that p
n
< 1

π
)

E[Y ] ≤ n+ p

n

1

sinc(p/n)
− 1 ≤

(
1 +

p

n

)(
1 + 2

(p
n

)2
)
− 1

=
p

n
+ 2

p2

n2
+ 2

p3

n3
< 2

p

n
, (155)

which yields the claimed result. �

Appendix D. Proofs of claims for linear codes

Proof of Proposition 3.1. The first item follows since

rpack(C) = max{r : Bn,r ⊂ VC} = max{r : QC(r) = 2k−nVn,r},
(156)

where in the second equality we have used (67). The second item
follows since

rcov(C) = max
x∈Fn2

min
y∈C

dH(x, y) = max
x∈VC
|x|. (157)

For the third item, we write

E|UL| =
n∑
r=0

Pr(|UC| > r) =
n∑
r=0

1− Pr(|UC| ≤ r) =
n∑
r=0

1−QC(r).

(158)

The fourth item follows directly from Proposition 3.2. �
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Proof of Proposition 3.2. Let ϕp(r) = pr(1−p)n−r, and not that ϕp(r)−
ϕp(r + 1) = ϕp(r) · 1−2p

1−p . We have

Pr(Z ∈ K) =
n∑
r=0

Pr (Z ∈ (K ∩ Sn,r)) (159)

=
n∑
r=0

ϕp(r) |K ∩ Sn,r| (160)

=
n∑
r=0

ϕp(r) (|K ∩ Bn,r| − |K ∩ Bn,r−1|) (161)

= ϕp(n) |K ∩ Bn,n|+
n−1∑
r=0

(ϕp(r)− ϕp(r + 1)) |K ∩ Bn,r| (162)

=

(
p

1− p
+

1− 2p

1− p

)
ϕp(n) |K ∩ Bn,n|+

1− 2p

1− p

n−1∑
r=0

ϕp(r) |K ∩ Bn,r|

(163)

= |K| · p

1− p
· pn +

1− 2p

1− p

n∑
r=0

ϕp(r) |K ∩ Bn,r| (164)

= |K| · p

1− p
· pn + |K| · 1− 2p

1− p

n∑
r=0

(
n

r

)
pr(1− p)n−r |K ∩ Bn,r| /|K|(

n
r

)
(165)

= |K|

(
p

1− p
· pn +

1− 2p

1− p

n∑
r=0

(
n

r

)
pr(1− p)n−rQK(r)(

n
r

) ) (166)

= |K|

(
p

1− p
· pn +

1− 2p

1− p
E

[
QK(|Z|)(

n
|Z|

) ])
, (167)

as claimed. �

Proof of Theorem 3.5. Let m < n/2 − 1 be a positive integer, and
denote

βm =
n−m
m+ 1

> 1. (168)

We claim that

γr =

(
n
r+1

)
Vn,r

≥ βm − 1, ∀0 ≤ r ≤ m. (169)
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We show this by induction. For r = 0, we have γ0 = n > βm − 1.
Assume γ` > βm − 1 for all 0 ≤ ` ≤ r − 1 < m. We have that

γr =

(
n
r+1

)
Vn,r

=

(
n
r+1

)(
n
r

)
+ Vn,r−1

=

(
n
r+1

)(
n
r

) (
1 + 1

γr−1

) (170)

=
n− r
r + 1

γr−1

1 + γr−1

≥ βm ·
γr−1

1 + γr−1

≥ 1− βm, (171)

where the last inequality follows since t 7→ t
1+t

is monotonically in-
creasing, and the induction assumption that γr−1 > 1− βm.

Using (169), we have that

xr+1

xr
=
Vn,r+1

Vn,r
= 1 +

(
n
r+1

)
Vn,r

= 1 + γr ≥ βm, ∀0 < r ≤ m. (172)

By (93), for any reff(n, k) < m < n/2− 1 we can write

∆(n, k)
def
= S1 + S2a + S2b, (173)

where

S1 =

reff(n,k)−1∑
r=0

x2
r

1 + xr
≤

reff(n,k)−1∑
r=0

xr (174)

S2a =
m∑

r=reff(n,k)

1

1 + xr
≤

m∑
r=reff(n,k)

x−1
r (175)

S2b =
n∑

r=1+m

1

1 + xr
≤ n · x−1

m . (176)

Note that by definition of reff(n, k), we have that xr < 1 for all r ≤
reff(n, k) − 1, and that xr ≥ 1 for all r ≥ reff(n, k). By (172) we
therefore have

xr ≤ β−(reff(n,k)−1−r)
m , ∀0 ≤ r ≤ reff(n, k)− 1, (177)

x−1
r ≤ β−(r−reff(n,k))

m , ∀reff(n, k) ≤ r ≤ m. (178)
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It therefore follows that

S1 ≤
reff(n,k)−1∑

r=0

xr ≤
reff(n,k)−1∑

r=0

β−(reff(n,k)−r)
m <

∞∑
j=0

β−jm =
1

1− β−1
m

(179)

S2a ≤
m∑

r=reff(n,k)

x−1
r ≤

m∑
r=reff(n,k)

β−(r−reff(n,k))
m <

∞∑
j=1

β−jm ≤
1

1− β−1
m

.

(180)

Thus,

∆(n, k) ≤ 2
βm

βm − 1
+ n · β−(m−reff(n,k))

m . (181)

Take m =
⌈
n
2

(
h−1

2 (1− α) + 1
2

)⌉
,cwhere h2(p) = −p log2(p) − (1 −

p) log2(1 − p), and h−1
2 (·) is its inverse restricted to [0, 1/2). We may

assume without loss of generality that n is large enough such that

κ
def
= m+1

n
< 1/2, so that βm ≥ 1−κ

κ
> 1, and m − reff(n, k) >

⌈
logn

log βm

⌉
.

Substituting this into (181), we obtain

∆(n, k) ≤ 2
1− κ
1− 2κ

+ 1, (182)

as claimed. �

Proof of Lemma 3.8. Let X ∼ Ber⊗n(1/2) and let C = {c1, . . . , c2k} ⊂
{0, 1}n be the codebook corresponding to the image of the decoder g(·).
Define the random variable

Y = dH(X, C) = min
c∈C

dH(X, c). (183)

Since given C the optimal encoder f maps each X to the nearest point
in C, we have that the average distortion of the code is at least

D = E[Y ] =
n∑
y=0

Pr(Y > y) =
n∑
y=0

1− Pr(Y ≤ y). (184)

Let

Ay = {x ∈ Fn2 : d(x, C) ≤ y}. (185)

We clearly have that Ay ⊂ ∪c∈C{c + Bn,y}, and therefore |Ay| ≤
min{|C| · Vn,y, 2n}, and consequently,

Pr(Y ≤ y) = Pr(X ∈ Ay) = 2−n|Ay| ≤ min{2k−nVn,y, 1}. (186)

Substituting this into (184), and recalling (91), yields the claimed re-
sult. �
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[KV16] V. Kostina and S. Verdú, Nonasymptotic noisy lossy source coding,
IEEE Transactions on Information Theory 62 (2016), no. 11, 6111–
6123.

[KZ09] Y. Kochman and R. Zamir, Joint Wyner–Ziv/dirty-paper coding by
modulo-lattice modulation, IEEE Transactions on Information Theory
55 (2009), no. 11, 4878–4889.

[LL24] C. W. Ling and C. T. Li, Rejection-sampled universal quantization for
smaller quantization errors, arXiv preprint arXiv:2402.03030 (2024).

[Loe97] H.-A. Loeliger, Averaging bounds for lattices and linear codes, IEEE
Trans. Inform. Theory 43 (1997), no. 6, 1767–1773. MR1481036

[LSZ02] T. Linder, C Schlegal, and K. Zeger, Corrected proof of de buda’s the-
orem (lattice channel codes), IEEE transactions on information theory
39 (2002), no. 5, 1735–1737.

[LWLC22] S. Lyu, Z. Wang, C. Ling, and H. Chen, Better lattice quantizers con-
structed from complex integers, IEEE Transactions on Communications
70 (2022), no. 12, 7932–7940.

[Mag20] A. Magazinov, A proof of a conjecture by Haviv, Lyubashevsky and Regev
on the second moment of a lattice Voronoi cell, Advances in Geometry
20 (2020), no. 1, 117–120.

[NG11] B. Nazer and M. Gastpar, Compute-and-forward: Harnessing interfer-
ence through structured codes, IEEE Transactions on Information The-
ory 57 (2011), no. 10, 6463–6486.



38 OR ORDENTLICH

[OE16] O. Ordentlich and U. Erez, A simple proof for the existence of “good”
pairs of nested lattices, IEEE Transactions on Information Theory 62
(2016), no. 8, 4439–4453.

[OEN14] O. Ordentlich, U. Erez, and B. Nazer, The approximate sum capacity of
the symmetric Gaussian k-user interference channel, IEEE Transactions
on Information Theory 60 (2014), no. 6, 3450–3482.

[ORW22] O. Ordentlich, O. Regev, and B. Weiss, New bounds on the density
of lattice coverings, Journal of the American Mathematical Society 35
(2022), no. 1, 295–308.

[ORW25] O. Ordentlich, O. Regev, and B. Weiss, Bounds on the density of smooth
lattice coverings, Journal d’Analyse Mathématique (2025), 1–26.
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