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Abstract

Consider a wireless network where several users are transmitting
simultaneously. Each receiver observes a linear combination of the
transmitted signals, corrupted by random noise, and attempts to re-
cover the codewords sent by one or more of the users. Within the
context of network information theory, it is of interest to determine
the maximum possible data rates as well as efficient strategies that
operate at these rates. One promising recent direction has shown that
if the users utilize a lattice-based strategy, then a receiver can recover
an integer-linear combination of the codewords at a rate that depends
on how well the real-valued channel gains can be approximated by in-
tegers. In other words, the performance of this lattice-based strategy
is closely linked to a basic question in Diophantine approximation.
This chapter provides an overview of the key findings in this emerging
area, starting from first principles, and expanding towards state-of-the
art results and open questions, so that it is accessible to researchers
with either an information theory or Diophantine approximation back-
ground.

1 Introduction

Consider multiple transmitters and receivers that communicate with each
other across a shared wireless channel. The two main challenges to estab-
lishing reliable communication between users are the noise introduced by
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the channel and the interference between simultaneously transmitted sig-
nals. Over the past few decades, the field of network information theory has
strived to determine the fundamental limits of reliable communication over
multi-user channels as well as architectures that can approach these limits in
practice [1–3].

In this chapter, we discuss recent developments in network information
theory based on the use of lattice codebooks, i.e., codebooks that are a
subset of a lattice over R

n [4]. The inherent linearity of these codebooks
is appealing for two reasons. First, linearity lends itself to more efficient
encoding and decoding algorithms. Second, since lattices are closed under
integer-linear combinations, it is possible for a receiver to directly decode an
integer-linear combination of transmitted codewords (without first recovering
the individual codewords) [5]. This phenomenon can be used as a building
block for communication strategies that operate beyond the performance
available for classical coding schemes.

In general, the performance of these lattice-based strategies is determined
by how closely the channel coefficients can be approximated by integer coef-
ficients. For any particular choice of channel coefficients, we can identify the
optimal integer coefficients, and the resulting performance. However, it is
often of interest to have universal bounds that do not depend on the specific
realization of the channel. As we will demonstrate, classical and modern re-
sults from Diophantine approximation can be used to establish such bounds.

Overall, this chapter attempts to provide a unified view of recent re-
sults that connect the performance of the “compute-and-forward” strategy
of recovering an integer-linear combination to Diophantine approximation
bounds. We also highlight scenarios where novel applications of Diophantine
approximation techniques may lead to new results in network information
theory.

1.1 Single-User Gaussian Channels

Consider the following channel model for time t ∈ {1, 2, . . . , T}:

y[t] = x[t] + z[t] (1)

where

• y[t] ∈ R represents the channel output at the receiver at time t,
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• x[t] ∈ R is the channel input of the transmitter at time t,

• and z[t] ∈ R is the noise at time t, which is assumed to be Gaussian,
z[t] ∼ N (0, 1), and generated independently for each time t.

Our goal is for the transmitter to reliably send information to the re-
ceiver at the highest possible data rates. To this end, the channel may be
used during T time slots, which is often referred to as the blocklength of
the communication scheme. The communication rate R ≥ 0 is defined as
the average number of bits that it transmits per time slot. One practical
consideration is that the transmitter has a maximum power level that it can
sustain during its transmission. This is modeled in the definition below via
the power constraint P ≥ 0. Let ‖ · ‖ denote the Euclidean norm.

Definition 1 (Code) A (2TR, T, P ) code for the channel (1) consists of

• a message set {1, 2, . . . , 2TR},

• an encoder that assigns a T -dimensional vector x(m) ∈ R
T to each mes-

sage m ∈ {1, 2, . . . , 2TR}. The encoder is subject to a power constraint
P > 0, which dictates that ‖x(m)‖2 ≤ TP for all m ∈ {1, 2, . . . , 2TR},

• and a decoder that assigns an estimate m̂ of the transmitted message
to each possible received sequence [y[1] y[2] · · · y[T ]].

The messageM is assumed to be uniformly distributed over {1, 2, . . . , 2TR}.
The average error probability of a code is defined as

perror = Pr
(

M̂ 6= M
)

. (2)

Definition 2 (Achievable rate) A rate R is said to be achievable over the
channel (1) with power constraint P if, for any ǫ > 0 and T large enough,
there exists a (2TR, T, P ) code with perror < ǫ.

Definition 3 (Capacity) The capacity of the channel (1) with power con-
straint P is the supremum of the set of all achievable rates.

The capacity of the Gaussian channel is due to Shannon [6].
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Theorem 1 (Gaussian capacity) The capacity of the channel (1) with
power constraint P is

C =
1

2
log(1 + P ) . (3)

The proof of Theorem 1 consists of two parts: a converse part where it
is shown that if a (2TR, T, P ) code with small error probability exists, then
the rate R must satisfy R ≤ 1

2
log(1 + P ), and a direct part, where it is

shown that there exists a sequence of codes (2TR, T, P ), with growing T and
vanishing error probability so long as R < 1

2
log(1 + P ).

The main observation leading to the direct part is that, in high dimen-
sions, the noise sequence lives inside a ball of radius

√

T (1 + δ) for δ > 0
with high probability. Thus, the coding task reduces to placing the centers of
2TR balls of this radius inside a larger ball of radius

√
TP , with some small

overlap between balls that corresponds to the small allowable error proba-
bility. Shannon’s insight was that the existence of such a packing can be
shown via the probabilistic method, i.e., by drawing the centers of the balls
independently and uniformly within a ball of radius

√
TP . In this manner,

the codewords are ensured to not violate the power constraint. Alternatively,
we can draw the codewords i.i.d. according to a N (0, P I) distribution.

A typical member of the i.i.d. code ensemble lacks structure, and thus
the encoding and decoding operations require exponential complexity in T
(i.e., they essentially correspond to lookup tables for all 2TR codewords)
and are not practically realizable. The field of coding theory has strived to
develop families of codes with low encoding and decoding complexity and
performance close to the capacity limit.

The art of coding for the AWGN channel is by now well-developed and
low-complexity coding schemes operating near capacity, e.g., low-density
parity-check (LDPC) codes [7–9], turbo codes [10], polar codes [11], etc.,
are known and implemented in various communication standards. A lot of
these coding schemes are based on mapping a binary linear code, i.e., a sub-
space in F

T
2 , (or more generally, a p-ary linear code) to the Euclidean space.

Consequently, the resulting code often has some linear structure, and can be
thought of as a lattice code, as we define below.

A lattice Λ is a discrete subgroup of RT that is closed under reflection
and real addition. Formally, for any λ1,λ2 ∈ Λ, we have that −λ1,−λ2 ∈ Λ
and λ1 + λ2 ∈ Λ. Note that, by definition, the zero vector 0 is always a
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member of the lattice. Any lattice Λ in R
T is spanned by some T ×T matrix

G such that

Λ = {λ = Gq : q ∈ Z
T }.

We say that a lattice is full-rank if its spanning matrix G is full-rank.
Let B(0, r) = {x ∈ R

T : ‖x‖ ≤ r} be the T -dimensional, zero-centered,
closed ball of radius r > 0. A lattice code is constructed by intersecting
a base lattice Λ, with some shaping region V ⊂ B(0,

√
TP ), whose role is

to enforce the power constraint. The rate of the lattice code L = Λ ∩ V is
therefore R = 1

T
log |Λ ∩ V|.

The main motivation for using lattice codes for the AWGN channel is
to exploit the linear structure of Λ for simplified encoding and decoding
algorithms. In particular, for the AWGN channel, the optimal decoder cor-
responds to finding the codeword with the smallest Euclidean distance from
the channel output. When a lattice code L = Λ ∩ V is used, this can be
approximated by applying the nearest neighbor lattice quantizer defined as

QΛ(y) = argmin
λ∈Λ

‖y − λ‖, (4)

to the channel output, and returning the corresponding message if QΛ(y) ∈
V, or declaring an error otherwise.

The choice of the shaping region V should on the one hand result in
a high rate, and on the other hand maintain much of the structure of the
base lattice, such that there is a “convenient” mapping between the message
set {1, 2, . . . , 2RT} and the points in L, and that a lattice decoder, which
essentially ignores the shaping region, would still perform well. Erez and
Zamir [12] showed that for any P > 0, there exists a base lattice Λ and a
shaping region V (more precisely, a sequence in T of Λ(T ),V(T )), such that
the lattice code L = Λ ∩ V achieves the AWGN channel capacity under (a
slight modification of) lattice decoding. In particular, they took V as the
Voronoi region of a coarse lattice Λc ⊂ Λ.

For the point-to-point AWGN channel, the interest in lattice codes is
motivated by the need to lower the complexity of encoding and decoding op-
erations so as to render them practically feasible. For networks with multiple
transmitters or receivers, lattice codes can also be used to approach the per-
formance suggested by i.i.d. random codes. Interestingly, as we will explore
below, lattice codes can also be used to derive lower bounds on multi-user
capacity that cannot be established via i.i.d. ensembles.
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2 Gaussian Multiple-Access Channel Model

We will focus on bounds for the Gaussian multiple-access channel (MAC),
which is a canonical model for a wireless network where multiple transmitters
simultaneously communicate with a single receiver. We assume that there
areK users, each equipped with a single antennas, that wish to communicate
with anN -antenna receiver for time t ∈ {1, 2, . . . , T}, leading to the following
model:

y[t] =
K
∑

k=1

hkxk[t] + z[t] (5)

where

• y[t] ∈ R
N represents the channel output at the receiver at time t,

• xk[t] ∈ R is the channel input of the kth user at time t,

• hk ∈ R
N is the vector of channel gains from the kth user to the N

antennas of the receiver,

• and z[t] ∈ R
N is the noise vector at time t, which is assumed to be

Gaussian, z[t] ∼ N (0, I), and generated independently for each time t.

It will be useful to express all of the channel gains together in matrix notation,

y[t] = Hx[t] + z[t] (6)

H = [h1 h2 · · · hK ] (7)

x[t] = [x1[t] x2[t] · · · xK [t]]
T (8)

where the (n, k)th entry hn,k of H represents the channel gain from the kth

user to the nth antenna.

Definition 4 A (2TR1, . . . , 2TRK , T, P ) code for the channel (6) consists of

• K message sets {1, 2, . . . , 2TRk}, k = 1, . . . , K,

• K encoders, where encoder k assigns a T -dimensional vector xk(mk) ∈
R

T to each message mk ∈ {1, 2, . . . , 2TRk}. All encoders are subject to
a power constraint P > 0, which dictates that ‖xk(mk)‖2 ≤ TP for all
k = 1, . . . , K and mk ∈ {1, 2, . . . , 2TRk},
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• and a decoder that assigns an estimate (m̂1, . . . , m̂K) of the transmitted
messages to each possible received sequence Y = [y[1] y[2] · · · y[T ]] ∈
R

N×T .

In the sequel, it will be useful to compactly represent all time slots t
together:

Y = HX+ Z, (9)

where

Y = [y[1] · · · y[T ]] ∈ R
N×T (10)

X = [x[1] · · · x[T ]] = [x1(m1) · · · xK(mK)]
T ∈ R

K×T (11)

Z = [z[1] · · · z[T ]] ∈ R
N×T . (12)

The message Mk of the kth user is assumed to be uniformly distributed
over {1, 2, . . . , 2TRk}, and M1, . . . ,MK are assumed to be mutually indepen-
dent. The average error probability of a code is defined as

perror = Pr
(

(M̂1, . . . , M̂K) 6= (M1, . . . ,MK)
)

. (13)

Definition 5 (Achievable rates) A rate tuple (R1, . . . , RK) is said to be
achievable over the channel (6) with power constraint P if, for any ǫ > 0 and
T large enough, there exists a (2TR1, . . . , 2TRk , T, P ) code with perror < ǫ.

Definition 6 (Capacity region) The capacity region of the channel (6)
with power constraint P is the closure of the set of all achievable rate tuples.

The Gaussian MAC (6) with power constraint P , is a special case of the
family of discrete memoryless MACs, for which the capacity region is known,
and can be expressed in closed form [1, 13, 14].

Theorem 2 (MAC capacity region) The capacity region of the Gaussian
MAC (6) with power constraint P is the set of all rates satisfying

∑

k∈S
Rk ≤

1

2
log det

(

I+ PHT

SHS
)

, (14)

for all S = {i1, . . . , i|S|} ⊂ [K], where HS = [hi1 · · · hi|S|
].
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As in the point-to-point AWGN case, the direct (achievability) part of
Theorem 2 is established by drawing each user’s codebook independently at
random from an i.i.d. ensemble [2, §9.2.1]. Consequently, the proof does not
lead to practical communication schemes for this channel.

Note also that unlike the point-to-point AWGN model, here the channel
is characterized by a channel matrix H. Thus, in general, different codes
are needed for different channel matrices, even if R1, . . . , RK , T and P are
fixed. In practical scenarios, H is seldom known in advance, and typically it is
changing with time. Thus, a more natural approach is to design the encoders
independently of H, and to only adapt the decoder w.r.t. the actual channel
matrix H. Moreover, since capacity-approaching codes with low-complexity
for the point-to-point AWGN channel exist, a very appealing approach is to
manipulate the MAC output Y using signal processing, in order to induce
parallel point-to-point channels from it.

The most natural, and widely used, example of such an approach is based
on linear estimation. In particular, in order to decode xk = xk(Mk), we can
first set ỹT

k = bT

kY, where the vector bk ∈ R
N is selected to minimize

σ2
k = E‖xk − ỹk‖2. Now, the channel from xk to ỹk can be thought of

as a point-to-point AWGN channel with noise variance σ2
k. Thus, if xk is

encoded via a “good” code for the AWGN channel, we can apply the cor-
responding decoder, and decode xk from ỹk with small error probability, if
Rk < 1

2
log
(

P
σ2
k

)

.1 We refer to the above communication scheme as a linear

equalization scheme, since roughly speaking, the vectors {b1, . . . ,bK} at-
tempt to equalize the channel matrix H ∈ R

N×K to IK , the identity matrix
of size K. The achievable rates for linear equalization are characterized in
the following theorem (see, e.g., [16]).

Theorem 3 (Performance of linear equalization) Let Σ =
(

P−1IK +

HTH
)−1

and let σ2
k = Σkk. Then, any rate tuple (R1, . . . , RK) that satisfies

Rk <
1

2
log

(

P

σ2
k

)

(15)

is achievable over the Gaussian MAC (6) with power constraint P , under
linear equalization.

1The 1+ term from the capacity expression C = 1

2
log(1 +P ) is lost to compensate for

the dependence between xk and ek = xk− ỹk. However, if we set H = 1 to model a point-
to-point AWGN channel, we find that (15) is equal to the AWGN capacity 1/2 log(1 + P )
as desired. See [4], [15, Lemma 2] for more details.
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3 Exploiting Linear Structure

As discussed above, many of the coding strategies employed in practice can
be viewed as lattice codes. It turns out that the linear structure of these
lattice code ensembles opens up a new equalization possibility: rather than
decoding each codeword individually, we can directly decode any integer-
linear combination of codewords. Specifically, since the lattice is closed under
addition, any integer-linear combination of lattice points is itself a lattice
point, and thus afforded the same protection against noise as the original
codewords.

To illustrate the potential gains of this approach, consider the following
example from [17].

Example 1 There are K = 2 users and N = 2 receive antennas. The
channel matrix is integer-valued

H =

[

2 1
1 1

]

(16)

From (6), the receiver observes

Y =

[

2xT

1 + xT

2

xT

1 + xT

2

]

+ Z . (17)

For large P , the linear equalizer roughly reduces to inverting the matrix H,
i.e., bT

1 = [1 − 1] and bT

2 = [−1 2], which yields the effective channel
outputs

ỹ1 = x1 + bT

1Z (18)

ỹ2 = x2 + bT

2Z , (19)

and rates

R1 =
1

2
log

(

1 +
P

2

)

≈ 1

2
log

(

P

2

)

(20)

R2 =
1

2
log

(

1 +
P

5

)

≈ 1

2
log

(

P

5

)

(21)

where the approximations become tight as P increases. On the other hand, if
both encoders employ the same lattice code, then the integer-linear combina-
tions 2x1 + x2 and x1 + x2 are themselves codewords and can be decoded at
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rates

R1 =
1

2
log

(

1

5
+ P

)

≈ 1

2
log(P ) (22)

R2 =
1

2
log

(

1

2
+ P

)

≈ 1

2
log(P ) . (23)

as will be shown by Theorem 4. After removing the noise, we can solve for
the desired codewords x1 and x2. The high-level intuition is that this strategy
offers an advantage since it does not enhance the noise during the linear
equalization step.

The example above demonstrates that there can be performance advan-
tages to recovering integer-linear combinations as an intermediate step to-
wards decoding the transmitted messages. We now turn to the general case
where the channel coefficients are not necessarily integer-valued. As we will
see, it is still possible to decode integer-linear combinations of codewords,
and the performance is determined by how closely the integer coefficients
approximate the real-valued channel gains. First, we need to be a bit more
precise about what we mean by recovering linear combinations.

Definition 7 A (2TR1, . . . , 2TRK , T, P ) computation code for the channel (6)
consists of

• K message sets {1, 2, . . . , 2TRk}, k = 1, . . . , K,

• K encoders, where encoder k assigns a unique T -dimensional vector
xk(mk) ∈ R

T to each message mk ∈ {1, 2, . . . , 2TRk}. All encoders are
subject to a power constraint P > 0, which dictates that ‖xk(mk)‖2 ≤
TP for all k = 1, . . . , K and mk ∈ {1, 2, . . . , 2TRk},

• and, for a chosen integer vector a = [a1 · · · aK ]
T ∈ Z

K , a decoder that
assigns an estimate v̂ of the integer-linear combination of the codewords
v =

∑K
k=1 akxk(mk) to each possible received sequence Y ∈ R

N×T .

For a given channel matrix H ∈ R
N×K and integer vector a ∈ Z

K , the
average error probability of a computation code is defined as

perror = Pr(v̂ 6= v) . (24)
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The rates at which it is possible to recover an integer-combination de-
pends on both the vector of integer coefficients a ∈ Z

K and the channel
matrix H ∈ R

N×K as well as the power P . The definition below is useful for
concisely describing the computation rate.

Definition 8 The computation rate function R(H, a, P ) is achievable over
the channel (6) if, for any ǫ > 0 and T large enough, there exists a (2TR1 , . . . , 2TRK , T, P )
computation code such that, for any H ∈ R

N×K and a ∈ Z
K , we have that

perror < ǫ if

Rk < R(H, a, P ) ∀k . (25)

According to the definition above, the receiver is free to recover any
integer-linear combination of codewords for which (25) is satisfied. That
is, the transmitters are completely agnostic as to the choice of the integer
coefficients as well as the channel matrix H, i.e., a codeword depends only
on the selected message.

Remark 1 For the sake of conciseness, we have focused on the symmetric
case R1 = · · · = RK. Specifically, for a given H and a, all rates R1, . . . , RK

must be below the scalar rate threshold given by R(H, a, P ), which can be
thought of as setting all rates equal to one another. More generally, we might
expect to describe the attainable performance by a region. See [18] for relevant
definitions and theorems.

Example 2 We can interpret a capacity-achieving multiple-access code as a
computation code in the following sense. A multiple-access code allows the
receiver to decode all of the transmitted messages, from which it can recon-
struct the transmitted codewords, and then any integer-linear combination of
interest. It follows from Theorem 2 that the computation rate described by
the function

R(H, a, P ) = min
S⊂[K]

1

2|S| log det
(

I+ PHT

SHS
)

, (26)

which has no dependence on the integer vector a, is achievable.

Intuitively, we expect that, for a more interesting computation code,
R(H, a, P ) should depend on a and should be larger than (26) whenever
H and a are “close.” Our approach is for each encoder to employ the same
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lattice codebook L = Λ ∩ V. Since all codewords can be viewed as elements
of the lattice, xk(mk) ∈ Λ, then we have that integer-linear combinations are
elements of the lattice as well

∑K
k=1 akxk(mk) ∈ Λ. The key idea is that, if

the lattice codebook is designed to tolerate noise up to a certain variance,
then we can recover any integer-linear combinations for which the effective
noise variance is below this level. Overall, the job of the each encoder is sim-
ple: it maps its message mk into the corresponding lattice codeword xk(mk),
and transmits it, paying no attention to nature’s choice of the channel matrix
H or the receiver’s choice of the integer vector a.

At the receiver, our goal is to recover v =
∑K

k=1 akxk(mk) = aTX from
Y. We are free to select the integer vector a based on our knowledge of H.
As a first step, we use an equalization vector b ∈ R

N to create the effective
channel

ỹT = bTY (27)

= bTHX+ bTZ (28)

= aTX+ zTeff (29)

where

zTeff = (bTH− aT)X+ bTZ . (30)

It can be shown that the effective noise variance is

1

n
E‖zeff‖2 = ‖b‖2 + P‖HTb− a‖2 . (31)

This variance is minimized by taking ỹT to be the linear least-squares error
(LLSE) estimator of the integer-linear combination aTX from the channel
output Y, which corresponds to setting the equalization vector to

b = PaTHT
(

I+ PHHT
)−1

. (32)

We define the resulting effective noise variance to be

σ2
eff(H, a, P ) = aT

(

P−1I+HTH
)−1

a . (33)

After this equalization step, the receiver uses a lattice quantizer to ob-
tain an estimate of the integer-linear combination v̂ = QΛ(ỹ). For a good
lattice code, the receiver can successfully decode if R < log(P/σ2

eff(H, a, P )).
Overall, this strategy leads to the following theorem [5, 17, 18].
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Theorem 4 (Computation rate region) The computation rate region de-
scribed by the function

R(H, a, P ) =
1

2
log

(

P

σ2
eff(H, a, P )

)

(34)

= −1

2
log
(

aT
(

I+ PHTH
)−1

a
)

(35)

is achievable over the channel (6) with power constraint P .

Note that the matrix
(

I+ PHTH
)−1

is symmetric and positive definite,
and therefore admits a Cholesky decomposition

(

I+ PHTH
)−1

= LLT, (36)

where L is a lower triangular matrix with strictly positive diagonal entries.
With this notation, we can express the computation rate function as

R(H, a, P ) = −1

2
log ‖LTa‖2. (37)

In many cases, the receiver is interested in decoding L linearly indepen-
dent linear combinations, but does not care about the particular coefficients.
Therefore, we can use the L linearly independent integer vectors a1, . . . , aL

that yield the highest computation rates R(H, a1, P ) ≥ · · · ≥ R(H, aL, P ).
Accordingly, we define the kth computation rate Rcomp,k(H, P ) , R(H, ak, P )
to be the rate associated with decoding the kth best integer coefficient vector
ak that is linearly independent of {a1, . . . , ak−1}.

In some applications, it suffices to recover L < K linear combinations at
a single receiver. For instance, K receivers could each decode one (linearly
independent) integer-linear combination and forward it to a single node that
solves for the transmitted codewords. In other cases, it will be of interest
to recover K (linearly independent) integer-linear combinations at a single
receiver. Overall, if we wish to recover L linear combinations, then the rate
of the lattice codebook must be smaller than Rcomp,L(H, P ).

As a concrete example, consider the integer-forcing architecture for a
Gaussian MAC as illustrated in Figure 1. Each of the K users employs the
same lattice codebook. Similarly to the strategy used to establish Theorem 3,
the receiver applies a linear equalizer B to its observation Y to obtain the
effective channel output Ỹ = BY. In Theorem 3, this equalization step
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m1 Encoder
x1

m2 Encoder
x2

...
...

mK Encoder
xK

y1 ỹ1
Decoder

v̂1 m̂1

y2 ỹ2
Decoder

v̂2 m̂2

...
...

yN ỹK
Decoder

v̂K m̂K

Decode Linear
Combinations

vℓ =
∑

k

aℓ,kxk

Linear
Equalizer

Solve

Linear
Equations

Figure 1: The integer-forcing receiver architecture. The receiver employs
linear equalization followed by parallel decoding to recover K linear combi-
nations of the transmitted codewords. It can then solve for the individual
codewords (and thus the original messages).

is used to induce an effective channel that is close to the identity matrix,
which facilitates the parallel decoding of the K transmitter codewords. For
the integer-forcing receiver, the equalization is instead used to create any
effective integer-valued, full-rank channel matrix A. Parallel decoding can
then be used to reliably decode the integer-linear combinations AX, which
can then be solved for the desired individual messages.

4 Universal Bounds via Successive Minima

In this section, we derive bounds on the computation rates {Rcomp,k(H, P )}Kk=1

using known results about the successive minima of a lattice. These bounds
can be used to approximate computation rates without first finding the op-
timal integer coefficients.

Definition 9 (Successive minima) Let Λ(G) be the lattice spanned by the
full-rank matrix G ∈ R

K×K. For k = 1, . . . , K, we define the kth successive
minimum as

λk(G) , inf
{

r : dim
(

span
(

Λ(G)
⋂

B(0, r)
))

≥ k
}

.

In words, the kth successive minimum of a lattice is the minimal radius of a
ball centered around 0 that contains k linearly independent lattice points.

14



Let L be the matrix defined in (36), Λ(LT) be the lattice generated by
LT, and λk(L

T) its kth successive minimum. By (37) and the definition of
Rcomp,k(H, P ), we have that

Rcomp,k(H, P ) = − log λk(L
T). (38)

It follows that any upper bound on λk(L
T) immediately translates to a lower

bound on Rcomp,k(H, P ). For k = 1, such bounds are given by Minkowski’s
first theorem. Let VK = Vol(B(0, 1)) be the volume of the K-dimensional
unit ball. While an explicit expression

VK =
πK/2

Γ(K/2 + 1)
,

exists, we will be content with the estimate VK ≥ 2KK−K/2, which is obtained
by noting that B(0, 1) contains a cube with side 2/

√
K [19].

Theorem 5 (Minkowski’s First Theorem) For any full-rank G,

λ1(G) ≤ 2

(
∣

∣det(G)
∣

∣

VK

)
1
K

≤
√
K
∣

∣det(G)
∣

∣

1
K . (39)

From Minkowki’s first theorem we immediately obtain a lower bound on
Rcomp,1(H, P ), given as a simple function of H, K, and P .

Theorem 6

Rcomp,1(H, P ) ≥ 1

2K
log det(I+ PHTH)− 1

2
logK. (40)

Proof. From (38) and Theorem 5 we have that

Rcomp,1(H, P ) ≥ − 1

K
log
∣

∣det(LT )
∣

∣− 1

2
logK

= − 1

2K
log
∣

∣det(LLT )
∣

∣− 1

2
logK

=
1

2K
log det(I+ PHTH)− 1

2
logK,

15



where the last equality follows from (36).
Theorem 2 implies that for any rate-tuple (R1, . . . , RK) that is achievable

over the channel (6) with power constraint P , we must have

K
∑

k=1

Rk ≤ 1

2
log det(I+ PHTH). (41)

The expression on the right hand side of (41) is referred to as the sum-
capacity of the channel.2 Consequently, if the symmetric rate-tuple (R, ..., R)
is achievable, then we must have that

R ≤ 1

2K
log det(I+ PHTH), (42)

where the expression in the right hand side of (42) is an upper bound on
the symmetric capacity of the channel. In light of this, the interpretation of
Theorem 6 is that Rcomp,1(H, P ) cannot be much smaller than the symmetric
capacity, for all H and P .

Next, we turn to estimating
∑K

k=1Rcomp,k(H, P ). By (38), we have

K
∑

k=1

Rcomp,k(H, P ) = −
K
∑

k=1

log λk(L
T)

= − log

( K
∏

k=1

λk(L
T)

)

. (43)

Our goal is therefore to estimate the product of successive minima. Let
a1, . . . , aK ∈ Z

K be linearly independent vectors such that λk(L
T) = ‖LTak‖,

and let A = [a1| · · · |aK ] ∈ Z
K×K . Since |det(A)| ≥ 1, we have

∣

∣det(LT )
∣

∣ ≤
∣

∣det(LT )
∣

∣ ·
∣

∣det(A)
∣

∣ =
∣

∣det(LTA)
∣

∣ ≤
K
∏

k=1

‖LTak‖ =
K
∏

k=1

λk(L
T).

(44)

An upper bound on the product of the successive minima is given by Minkowski’s
second theorem.

2Specifically, it can be shown that there is a choice of rates R1, . . . , RK satisfying
∑

k Rk = 1

2
log det(I + PHTH) that satisfies the capacity region constraints from Theo-

rem 2 and any choice of rates with a higher sum rate
∑

k Rk > 1

2
log det(I+ PHTH) will

violate these capacity constraints.
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Theorem 7 (Minkowski’s Second Theorem) For any full-rank G,

K
∏

k=1

λk(G) ≤ 2K

(
∣

∣det(G)
∣

∣

VK

)

≤ KK/2
∣

∣det(G)
∣

∣. (45)

With (43), (44) and Theorem 7, we can establish the following.

Theorem 8 [20, Theorem 3]

1

2
log det(I+ PHTH)− K

2
logK ≤

K
∑

k=1

Rcomp,k(H, P )

≤ 1

2
log det(I+ PHTH). (46)

Proof. By the definition of L in (36), we have

log
∣

∣det(LT)
∣

∣ =
1

2
log
∣

∣det(LLT)
∣

∣ =
1

2
log det(I+ PHTH). (47)

The lower bound now follows from (43), (45) and (47), whereas the upper
bound follows from (43), (44) and (47).

Theorem 8 asserts that the sum of the computation rates is never too
far from the sum capacity of the channel (6) with power constraint P . An
operational meaning for

∑K
k=1Rcomp,k(H, P ) is given in [20], where a low-

complexity coding scheme based on compute-and-forward for the Gaussian
MAC (6) that achieves this sum-rate is proposed. The remarkable con-
clusion from Theorem 8, is that while the individual computation rates
{Rcomp,k(H, P )} may be very sensitive to the entries of H, their sum is,
to the first order, only influenced by the corresponding sum-capacity. This
phenomenon is illustrated in Figure 2.

We are often particularly interested in estimating the value ofRcomp,K(H, P ),
as this is the quantity that dictates the symmetric communication rate over
the MAC channel (6) with power constraint P , when decoding is done via
first recovering K integer linear combinations. However, directly estimat-
ing this quantity may be challenging, as it requires to first find K − 1 lin-
early independent shortest lattice vectors. Estimating Rcomp,1(H, P ), on the

17
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Figure 2: Rcomp,1(H, P ) and Rcomp,2(H, P ) as a function of h for the channel
y = x1+hx2+z at P = 40dB. The sum of these computation rates is nearly
equal to the multiple-access sum capacity. All rates are normalized by this
sum capacity 1/2 log(1 + (1 + h2)P ).

other hand, is a much simpler task, as it only involves one shortest lat-
tice vector. It is thus desirable to estimate Rcomp,K(H, P ) as a function of
Rcomp,1(H, P ). Using the monotonicity of Rcomp,k(H, P ) in k and Theorem 8,
yields the following simple estimate, which shows that ifRcomp,1(H, P ) is close
to 1

2K
log det(I+ PHTH), then so is Rcomp,K(H, P ).

Proposition 1
[

1

2K
log det(I+ PHTH)− K

2
logK

− (K − 1)

(

Rcomp,1(H, P )− 1

2K
log det(I+ PHTH)

)]+

18



≤ Rcomp,K(H, P ) ≤ 1

2K
log det(I+ PHTH), (48)

where [x]+ = max{0, x}.

Proof. By definition, we have that Rcomp,1(H, P ) ≥ · · · ≥ Rcomp,K(H, P ),
which implies that

L
∑

k=1

Rcomp,k(H, P ) ≤ L · Rcomp,1(H, P ) (49)

L
∑

k=1

Rcomp,k(H, P ) ≥ L · Rcomp,L(H, P ). (50)

The upper bound in (48) follows from (50) with L = K, combined with the
upper bound from (43). To establish the lower bound in (48) we can write

Rcomp,K(H, P ) =
K
∑

k=1

Rcomp,k(H, P )−
K−1
∑

k=1

Rcomp,k(H, P )

≥ 1

2
log det(I+ PHTH)− K

2
logK − (K − 1)Rcomp,1(H, P ),

where we have used the lower bound from (43), and (49) applied with L =
K − 1 in the last inequality. To arrive at the left hand side of (48), we write

Rcomp,1(H, P ) =
1

2K
log det(I+ PHTH)

+

(

Rcomp,1(H, P )− 1

2K
log det(I+ PHTH)

)

. (51)

An alternative route for estimating Rcomp,K(H, P ) involves studying the
dual lattice of Λ(LT ).

Definition 10 (Dual lattice) For a lattice Λ(G) with a full-rank generator
matrix G ∈ R

K×K, the dual lattice is defined by

Λ∗(G) , Λ
(

(GT)−1
)

. (52)
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By definition, we have that if x ∈ Λ(G) and x∗ ∈ Λ∗(G), then xTx∗ ∈ Z. Let
x1, . . . ,xK ∈ Λ(G) be linearly independent vectors such that ‖xk‖ = λk(G)
for k = 1, . . . , K and let x∗ ∈ Λ∗(G) be such that ‖x∗‖ = λ1

(

(GT)−1
)

. Since
{x1, . . . ,xK} form a basis for R

K , we must have that xT
k x

∗ 6= 0 for some
k ∈ {1, . . . , K}. Thus, for this k, we must have that

λk (G)λ1

(

(GT)−1
)

= ‖xk‖ · ‖x∗‖ ≥ |xT
k x

∗| ≥ 1, (53)

where we have used the Cauchy-Schwartz inequality and the fact that xT
k x

∗ ∈
Z. Since λk (G) is monotone in k and k ≤ K, we conclude that

λK (G) λ1

(

(GT)−1
)

≥ 1. (54)

It turns out that the product of successive minima of a lattice and its dual
can also be upper bounded.

Theorem 9 (Banaszczyk [21, Theorem 2.1]) Let Λ(G) be a lattice with
a full-rank generating matrix G ∈ R

K×K and let Λ∗(G) = Λ
(

(GT)−1
)

be its
dual lattice. The successive minima of Λ(G) and Λ∗(G) satisfy the following
inequality

λk (G)λK−k+1

(

(GT)−1
)

≤ K, ∀k = 1, 2, . . . , K.

Banaszczyk’s theorem and (54) yield the following estimate onRcomp,K(H, P ).

Theorem 10 [22]

1

2
log

(

min
a∈ZK\{0}

‖a‖2 + P‖Ha‖2
)

− logK ≤ Rcomp,K(H, P )

≤ 1

2
log

(

min
a∈ZK\{0}

‖a‖2 + P‖Ha‖2
)

(55)

Proof. By (38), Theorem 9, applied with k = K, and (54) we have that

log λ1(L
−1)− logK ≤ Rcomp,K(H, P ) ≤ log λ1(L

−1). (56)
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By definition of successive minima,

λ2
1(L

−1) = min
a∈ZK\{0}

‖L−1a‖2

= min
a∈ZK\{0}

aT(LLT)−1a

= min
a∈ZK\{0}

aT(I+ PHTH)a, (57)

where we have used the definition of L from (36) in the last equality. The
theorem now follows by substituting (57) in (56).

5 Asymptotic Bounds

For the single-user AWGN channel (1) with power constraint P , the capacity
is C(P ) = 1

2
log(1 + P ) bits/channel use, by Theorem 1. The MAC channel

model (6) with power constraint P is richer than the AWGN model (unless
N = K = 1), but we would nevertheless like to compare it to a simple AWGN
channel. In our context, the notion of degrees-of-freedom (DoF) is a first-
order approximation that measures how many AWGN channels (or fractions
thereof) are needed to attain the same rate as the MAC sum capacity. To
be precise, let C(H, P ) be the sum-capacity of the channel (6), i.e.,

C(H, P ) ,
1

2
log det

(

I+ PHTH

)

. (58)

Then, the DoF offered by the MAC channel (6) with channel matrix H is
defined as

DoF(H) , lim
P→∞

C(H, P )

C(P )
= lim

P→∞

log det

(

I+ PHTH

)

log(1 + P )
. (59)

It is well known that DoF(H) = rank(H). In particular, for almost all
H ∈ R

N×K (w.r.t. Lebesgue measure) we have that DoF(H) = min(K,N).
In order to characterize the asymptotic behavior of communication schemes

based on decoding integer-linear combinations, we define the DoF associated
with decoding the best ℓ equations as

dcomp,ℓ(H) = lim
P→∞

Rcomp,ℓ(H, P )
1
2
log(1 + P )

. (60)
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By Theorem 8, we have that

C(H, P )− K
2
log(K)

C(P )
≤

K
∑

k=1

Rcomp,k(H, P )
1
2
log(1 + P )

≤ C(H, P )

C(P )
. (61)

Since the upper and lower bounds coincide in the limit of P → ∞, we see
that

K
∑

k=1

dcomp,k(H) = DoF(H) = rank(H) ≤ min{K,N}. (62)

The main purpose of this section is to show that for almost all H ∈ R
N×K

(w.r.t. the Lebesgue measure) we have that dcomp,1(H) = · · · = dcomp,K(H) =
min{K,N}

K
. By (62) and the monotonicity of dcomp,k(H), it suffices to show that

for almost every H we have dcomp,K(H) ≥ min{K,N}
K

. Our focus will therefore
be on establishing lower bounds for dcomp,K(H).

Our starting point is Theorem 10. Denoting the Kth singular value of H
by σK(H), this theorem gives

Rcomp,K(H, P ) ≥ 1

2
log

(

min
a∈ZK\{0}

‖a‖2 + P‖Ha‖2
)

− logK (63)

≥ 1

2
log

(

min
a∈ZK\{0}

‖a‖2 + Pσ2
K(H)‖a‖2

)

− logK

≥ 1

2
log
(

1 + Pσ2
K(H)

)

− logK.

Since σ2
K(H) is strictly above 0 whenever rank(H) = K, we conclude that

if rank(H) = K then dcomp,K(H) = 1. For K ≤ N , this is indeed the case
for almost every H ∈ R

N×K . Thus, we have established that if K ≤ N then
dcomp,K(H) ≥ min{K,N}

K
for almost every H ∈ R

N×K . The interesting case is
therefore N < K, which we assume in the proceeding derivation.

Instead of bounding (63) in terms of σK(H), we can resort to the tradeoff
between the allowed length of a and the smallest attainable ‖Ha‖ [22]

Rcomp,K(H, P ) ≥ 1

2
log

(

min
a∈ZK\{0}

‖a‖2 + P‖Ha‖2
)

− logK

≥ 1

2
log

(

min
a∈ZK\{0}

‖a‖2∞ + P‖Ha‖2∞
)

− logK, (64)
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where for x ∈ R
m we define ‖x‖∞ = max{|x1|, . . . , |xm|}. For 0 < ǫ < 1,

define κǫ(H) ≥ 0 as

κǫ(H) , inf
a∈ZK\{0}

‖Ha‖∞
‖a‖1−

K
N

1
1−ǫ

∞

. (65)

We have that

min
a∈ZK\{0}

‖a‖2∞ + P‖Ha‖2∞ ≥ min
ℓ=1,2,...

ℓ2 + Pκ2
ǫ(H)ℓ2(1−

K
N

1
1−ǫ)

≥ min
t>0

t+ Pκ2
ǫ(H)t1−

K
N

1
1−ǫ

=
1

1− N
K
(1− ǫ)

·
(

K

N

1

1− ǫ
− 1

)
N
K
(1−ǫ)

·
(

κ2
ǫ (H)P

)N
K
(1−ǫ)

,

(66)

where the last equality is obtained by straightforward differentiation. Sub-
stituting (66) in (64) and recalling the definition of dcomp,K(H), we have
established that for any 0 < ǫ < 1, the following holds

dcomp,K(H) ≥ N

K
(1− ǫ)

(

1 + 2 lim
P→∞

log κǫ(H)

logP

)

. (67)

It now remains to show that κǫ(H) > 0 for every 0 < ǫ < 1, and almost
every H. To this end, we resort to the literature on systems of small linear
forms. Several results in this field can be used, depending on whether the
entries of H are independent or dependent (i.e., they can be characterized by
fewer than NK parameters). Below, we state the most general available re-
sult, which was recently obtained by Beresnevich, Bernik and Budarina [23].

5.1 Small Linear Forms

We will need several definitions before we can state (an adaptation of) the
main result from [23].

For j = 1, . . . , N , let Uj ⊂ R
dj be an open ball, and fj = (fj1, . . . , fjK) :

Uj 7→ R
K be functions. For (x1, . . . ,xN) ∈ U1 × · · · × UN , we define

F = F(x1, . . . ,xN) ,







f1(x1)
...

fN (xN)






=







f11(x1) . . . f1K(x1)
...

...
...

fN1(xN) . . . fNK(xN)






∈ R

N×K .

(68)
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For ρ > 0, define the set

W(F, ρ) ,

{

(x1, . . . ,xN) ∈ U1 × · · · × UN : ‖F(x1, . . . ,xN )a‖∞ < (‖a‖∞)−ρ)

for infinitely many a ∈ Z
K \ {0}

}

.

(69)

Theorem 11 ( [23, Theorem 2]) Let K > N ≥ 1 be integers, and let
U1, . . . , UN , f1, . . . , fN , F and W(F, ρ) be as above. Suppose that for each
j = 1, . . . , N the coordinate functions fj1, . . . , fjK of the map fj are analytic
and linearly independent over R. Then,

µ (W(F, ρ)) =

{

0 if ρ > K
N
− 1,

∏N
j=1 µ(Uj) if ρ ≤ K

N
− 1

(70)

where µ(B) denotes the Lebesgue measure of a set B ⊂ R
d.

An immediate corollary of Theorem 11 is the following.

Corollary 1 Let K > N ≥ 1 be integers, and let U1, . . . , UN , f1, . . . , fN , F
and W(F, ρ) be as above. Suppose that, for each j = 1, . . . , N , the coordinate
functions fj1, . . . , fjK of the map fj are analytic and linearly independent over
R. Then, for any 0 < ǫ < 1 and almost every (x1, . . . ,xN ) ∈ U1 × · · · × UN ,
we have that κǫ(F(x1, . . . ,xN)) > 0.

We can now combine Corollary 1 and (67) for several cases of particular
interest.

5.2 Independent Channel Gains

A common assumption in wireless communication is that the entries hij of
the channel matrix H ∈ R

N×K are independent. In the context of Theo-
rem 11, this corresponds to taking Uj = [−τ, τ ]K for all j = 1, . . . , N , where
τ ∈ R

+ is some large number, and fj(xj) = (xj1, . . . , xjK). These functions
certainly satisfy the conditions of Corollary 1, and we can therefore deduce
the following.

Corollary 2 Let K > N ≥ 1. For almost every H ∈ R
N×K we have that

κǫ(H) > 0.
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Now, combining the corollary above and (67) we see that for K > N ≥ 1
we have that dcomp,K(H) ≥ N

K
for almost every H ∈ R

N×K . Recalling that
for 1 ≤ K ≤ N we have that dcomp,K(H) ≥ 1 for almost every H ∈ R

N×K ,
we recover the following lemma from [22].3

Lemma 1 ( [22, Lemma 3]) For almost every H ∈ R
N×K,

K · dcomp,K(H) = min{K,N}. (71)

Roughly speaking, this allows us to conclude that, in the limit of large
P , the integer-forcing strategy does as well as the optimal sum-capacity-
achieving scheme.

5.3 Dependent Channel Gains

In many applications of interest, the channel model Y = HX + Z repre-
sents an effective channel induced by certain signal processing operations
performed at the transmitters and the receivers. Often, these operations
create dependencies between the entries of H, which requires replacing the
Lebesgue measure in the DoF analysis with a measure on a suitable manifold.

As a canonical example, we will consider the symmetric two-user X-
channel [25–29]. This channel consists of two transmitters emitting the sig-
nals x1 and x2, respectively, each in R

1×T and satisfying the power constraint
‖xk‖2 ≤ TP , and two receivers observing the signals

y1 = x1 + gx2 + z1

y2 = gx1 + x2 + z2,

respectively, where z1, z2 ∈ R
1×T are two statistically independent i.i.d.

N (0, 1) noises. Each transmitter has two messages, one for the first receiver
and one for the second receiver, and we assume all four messages are of the
same rate R. We now describe one particular transmission scheme for this
channel. We use one lattice codebook of rate R and power P , such that the
message from user k to receiver j is encoded to a lattice codeword x̃jk. The
users then transmit

x1 =
1

√

1 + g2
(x̃11 + gx̃21)

3The proof of Lemma 3 from [22] relied on [24, Corollary 2], which can be obtained as
a special case of [23, Theorem 2].
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x2 =
1

√

1 + g2
(x̃22 + gx̃12) .

Consequently, the receivers observe

y1 =
1

√

1 + g2

(

x̃11 + g(x̃21 + x̃22) + g2x̃12

)

+ z1

y2 =
1

√

1 + g2

(

x̃22 + g(x̃12 + x̃11) + g2x̃21

)

+ z1.

Since the channel output is symmetric across receivers, it suffices to analyze
the rates that allow the first receiver to decode its two desired codewords x̃11

and x̃12. Noting that x̃2 , x̃12+ x̃11 is a lattice codeword itself, we can write

y1 = hTX1 + z1, (72)

where

h = h(g) =
1

√

1 + g2
[1 g2 g], X1 =

[

x̃T

11 x̃T

12 x̃T

2

]T

. (73)

Thus, the effective channel (72) induced by our transmission scheme falls
within our generic model introduced in the first section. We can decode the
two desired codeword x̃11 and x̃12, as well as the nuisance codeword x̃2, by
decoding three integer-linear combinations and then inverting them. Thus,
the asymptotic performance of our scheme depends on dcomp,3(h).

We would like to apply Corollary 1 in order to show that κǫ(h(g)) > 0 for
almost every g ∈ R. To this end, we take U1 = [−τ, τ ] for some large τ ∈ R

+

and set

f1(x) =

(

1√
1 + x2

,
x2

√
1 + x2

,
x√

1 + x2

)

, (74)

such that h(g) = f1(g) ∈ R
1×3. Certainly, f1 satisfies the conditions of

Corollary 1, and we therefore obtain the following.

Corollary 3 For almost every g ∈ R we have that κǫ(h(g)) > 0.

Combining the corollary above with (67), we have established that for al-
most every g ∈ R, the proposed communication scheme attains dcomp,3(h(g)) =
1/3.
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The operational implication of this result, is that using the lattice-based
communication scheme proposed above, each user can send both of its mes-
sages reliably, each with a rate that scales like 1

3
· 1

2
log(P ) with P . To

appreciate this, note that the näıve scheme, which avoids interference by
transmitting each of the 4 messages over different T/4 channel uses, can only
achieve reliable communication with rates below 1

4
· 1
2
log(1 + 4P ).

6 Non-Asymptotic Bounds

For communication applications, it is often of interest to understand perfor-
mance for finite P , as in practice the allowed transmission power is limited,
and usually quite moderate.

m1 Encoder
x1 1

g
g

m2 Encoder
x2 1

g

g
...

...

mK Encoder
xK 1

g
g

z1

y1

z2

y2

zK

yK

Decoder m̂1

Decoder m̂2

Decoder m̂K

Figure 3: Block diagram of a symmetric Gaussian K-user interference chan-
nel.

As a canonical example, consider the symmetric K-user Gaussian inter-
ference channel, depicted in Figure 3. In this channel model, there are K
users, each transmitting a signal xk ∈ R

T , k = 1, . . . , K, subject to the power
constraint ‖xk‖2 ≤ TP . There are also K receivers with observations

yk = xk + g
∑

j 6=k

xj + zk, k = 1, . . . , K (75)

where g ∈ R is the (symmetric) interference gain, and zk is i.i.d. Gaussian
noise with zero mean and unit variance. The goal of the kth receiver is to
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decode only the codeword xk, whereas all other codewords are interference.
In the proceeding discussion, we will assume that 1 < g <

√
P .

The näıve approach for dealing with interference is to avoid it entirely.
This corresponds to splitting the channel uses into T/K different slots, and
letting only one user transmit within each slot. In this scheme, when the kth

user transmits, the kth receiver observes its signal without any interference,
and the resulting achievable rate is 1

K
· 1
2
log(1 +KP ).

A different, and sometimes more efficient, approach, is interference align-
ment. For the symmetric interference channel, this approach boils down to
having all users encode their messages using the same lattice codebook. Con-
sider the sum of interfering codewords at receiver k, xinterference,k =

∑

j 6=k xj .
Owing to the fact that the lattice is closed under integer-linear combinations,
xinterference,k is itself a lattice codeword. Consequently, the effective two-user
channel seen by receiver k is

yk = xk + g xinterference,k + zk. (76)

Now, it is possible to recover xk by decoding two linearly independent integer-
linear combinations of xk and xinterference,k.

The achievable rate of this interference alignment scheme is therefore the
second computation rate4 for the channel H = [1 g]. By Theorem 10, we can
lower bound the second computation rate by

Rcomp,2(H, P ) ≥ 1

2
log

(

min
a∈Z2\{0}

‖a‖2 + P‖Ha‖2
)

− 1. (77)

Setting H = [1 g], a = [−p q], and assuming without loss of generality that
q ≥ 0, we can write

min
a∈Z2\{0}

‖a‖2 + P‖Ha‖2 = min
p∈Z,q∈N,(p,q)6=(0,0)

p2 + q2 + P |qg − p|2. (78)

Defining p̃ = p− q⌊g⌋ and g̃ = g − ⌊g⌋ , we can rewrite this as

min
p̃∈Z,q∈N,(p̃,q)6=(0,0)

(q⌊g⌋+ p̃)2 + q2 + P
∣

∣q⌊g⌋+ qg̃ − q⌊g⌋ − p̃
∣

∣

2
(79)

= min
p̃∈Z,q∈N,(p̃,q)6=(0,0)

(q⌊g⌋+ p̃)2 + q2 + P
∣

∣qg̃ − p̃
∣

∣

2
. (80)

4Up to a small correction term, due to the fact that the effective user xinterference,k has
power (K − 1)P instead of P . See [20] for more details.
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Since g̃ ≥ 0 by definition, we see that for p̃ < 0 the expression above is lower
bounded by P . We can therefore write

min
a∈Z2\{0}

‖a‖2 + P‖Ha‖2 ≥ min
p̃∈Z,q∈N,(p̃,q)6=(0,0)

(q⌊g⌋+ p̃)2 + q2 + P
∣

∣qg̃ − p̃
∣

∣

2

≥ min{P, min
(p̃,q)∈N2\{0}

(q⌊g⌋+ p̃)2 + q2 + P
∣

∣qg̃ − p̃
∣

∣

2}

≥ min{P, min
(p̃,q)∈N2\{0}

max(q2⌊g⌋2, P |qg̃ − p̃|2)}.
(81)

Next, we will study the behavior of the last term in (81). In particular, for
an integer 1 ≤ b ≤

√
P and 0 < δ < 1, we will study the Lebesgue measure

of the “outage set”

Wb,δ =

{

g ∈ [b, b+ 1) : min
(p̃,q)∈N2\{0}

max(q2⌊g⌋2, P |qg̃ − p̃|2) <
√
g

2
P

1
2
(1−δ)

}

⊂ b+

{

x ∈ [0, 1) : |qx− p̃| <
√
bP− 1

4
(1+δ) for some q ≤ P

1
4
(1−δ)

√
b

, p̃ ∈ N

}

.

(82)

Note that for all g ∈ [b, b+ 1) \Wb,δ, we have that

min
a∈Z2\{0}

‖a‖2 + P‖Ha‖2 ≥
√
g

2
P

1
2
(1−δ), (83)

which implies, by (77), that

R ≥ 1

4
log(g2P )− δ

4
logP − 3

2
(84)

for all g ∈ [b, b+ 1) \Wb,δ, 1 ≤ b ≤
√
P .

In order to upper bound µ(Wb,δ), for any q ∈ Z
+, we define the set

Tb,δ(q) ,

[{

0,
1

q
, . . . ,

q − 1

q

}

+
Φb,δ

q
I
]

mod [0, 1), (85)

where I , [−1, 1] and Φb,δ ,
√
bP− 1

4
(1+δ). It is easy to see that

Wb,δ ⊂ b+

qmax(b,δ)
⋃

q=1

Tb,δ(q), (86)
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where qmax(b, δ) ,
⌊

P
1
4 (1−δ)
√
b

⌋

. Therefore,

µ(Wb,δ) ≤ µ





qmax(b,δ)
⋃

q=1

Tb,δ(q)





≤
qmax(b,δ)
∑

q=1

µ (Tb,δ(q))

≤
qmax(b,δ)
∑

q=1

2Φb,δ

= 2qmax(b, δ)Φb,δ

≤ 2P− δ
2 . (87)

Now, setting δ = 2(γ+1)/ log(P ), (84) and (87) imply that we can achieve
a rate satisfying

R ≥ 1

4
log(g2P )− γ + 1

2
− 3

2

=
1

4
log(g2P )− γ

2
− 2 (88)

for all g ∈ [b, b + 1) \ W, where W = Wb,2(γ+1)/ log(P ) has Lebesgue measure
at most 2−γ.

To appreciate this result, it should be contrasted with the rate attained
by interference avoidance. The interference alignment rate scales with P as
1
4
log(g2P ) whereas that of interference avoidance only scales as 1

2K
log(P ).

For K ≥ 3 and large P , the improvement is very significant. It can also
be shown that the symmetric capacity of the symmetric K-user Gaussian
interference channel is upper bounded by 1

4
log(g2P ) + 1. Thus, we have the

following theorem.

Theorem 12 ( [20]) The lattice interference alignment scheme described
above attains the symmetric capacity of the symmetric K-user Gaussian in-
terference channel to within 3 + γ/2 bits for all g ∈ [1,

√
P ) \ {W}, where

the set W ⊂ [1,
√
P ) has Lebesgue measure at most (

√
P − 1)2−γ.
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7 Conclusions and Open Problems

In this chapter, we demonstrated that classical and modern results from the
theory of Diophantine approximation are extremely useful for obtaining up-
per and lower bounds for the performance of lattice-based communication
strategies. In particular, the compute-and-forward strategy makes it possi-
ble for a receiver to obtain integer-linear combinations of codewords, with the
rate determined by how well the real-valued channel coefficients are approxi-
mated by the chosen integer coefficients. Though not discussed in this survey,
similar ideas have been found useful for distributed data compression, where
the compression rates are determined by how well the source covariance ma-
trix can be approximated by a matrix with integer coefficients [30–32]. While
explicitly identifying these integer coefficients is a challenging optimization
problem, we can obtain universal bounds on the achievable communication
rates via Diophantine approximation.

A major focus of this chapter was on degrees-of-freedom characteriza-
tions, i.e., the first-order term in the rate expression as the power P tends
to infinity. For this regime, Diophantine approximation results allow us to
obtain tight bounds up to a set of channel matrices with Lebesgue mea-
sure zero, even when dependencies exist between the channel gains, as in
interference alignment. Going further, one can follow a similar approach to
determine the degrees-of-freedom of essentially any interference network (see,
for instance, [28, 33–35] for more details).

We also considered non-asymptotic bounds that hold for any choice of P .
Specifically, we examined the symmetric K-user Gaussian interference, and
derived a lower bound on the capacity whose gap to the upper bound depends
on the measure of the excluded channel gains. Similar results are available
for the two-user X channel [27]. For larger networks, we need to rely on more
sophisticated interference alignment schemes, and more research is needed to
develop non-asymptotic bounds that can handle the resulting dependencies.
Specifically, alignment schemes for K-user interference channels (with arbi-
trary channel gains) utilize many signaling directions based on monomials
constructed from the channel gains [28,33]. This corresponds to a codeword
emitted per signaling direction with a rate penalty for each additional code-
word layer. In the limit as P tends to infinity, these rate penalties can be
safely ignored to approach the optimal degrees-of-freedom of 1/2 per user.
However, for finite P , we must carefully tradeoff the number of codeword
layers with the measure of excluded channel gains to attain the best per-
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formance. This in turn requires non-asymptotic Diophantine approximation
bounds over manifolds. See [36, 37] for recent progress in this direction.
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