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Bernoulli Noise VS Spherical Noise

e Let Z" ~ Bernoulli(§)®"

@ Define the dn-Hamming sphere
Ssnn = {xX" € {0,1}" : |x"| = dn}

and let U" ~ Unif(Ssn )
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Bernoulli Noise VS Spherical Noise
e Let Z" ~ Bernoulli(§)®"
@ Define the §n-Hamming sphere
Ssnn = {xX" € {0,1}" : |x"| = dn}
and let U" ~ Unif(Ss, )
72 U, so H(Z") > H(U")
In fact, from Stirling's approximation
H(Z") — H(U") = nh(3) — log |Ssn,n|

€ %Iogn—i— %Iog(27r5(1 ), % log(85(1— 6)) | .
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Bernoulli Noise VS Spherical Noise
e Let Z" ~ Bernoulli(§)®"
@ Define the dn-Hamming sphere
Ssnn = {xX" € {0,1}" : |x"| = dn}

and let U" ~ Unif(Ssn )

This talk
Let X" 1L (2", U") be some RV on {0,1}"

What can we say on H(X" + Z") — H(X" + U")?

e Always positive (like for X" = 07)?

@ How does it scale with n?
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Motivation: Finite Blocklength Bounds for JSCC

Z" ~ Bernoulli(4)®"
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Motivation: Finite Blocklength Bounds for JSCC

Z" ~ Bernoulli(4)®"

. :
57— D} (5.0, = #55)

Let A= lZH‘TTé
By CLT: A~ N(0,6(1 —4))"

D, =E[D, | |A] = 4]
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Motivation: Finite Blocklength Bounds for JSCC
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By CLT: “A ~ N(0,5(1 — 5))"
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D, = E[D, | 1Al = 4 > SE[Di(4) + Da(A)]
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Motivation: Finite Blocklength Bounds for JSCC
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Let A — 1£71=nd

/n
By CLT: “A ~ N(0,5(1 — 4))

B e - + — _a_
Set: 6 =0 — £, 5t =d+ =

C

ndt

>

D, = E[D, | 1Al = 4 > SE[Di(4) + Da(A)]

Tradeoff between D; and D, is hard to analyze for the spherical
noise BC
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Motivation: Finite Blocklength Bounds for JSCC

Bernoulli(§—)®"
Y? "
E—eD— ¢r.0)
s[5 X v
P02 — (35.02)
t
7| —nd
Let A= |Z\\/ﬁ Bernoulli(§+)®"
By CLT: “A ~ N(0,8(1 — 8))"
Set: 0~ =0 — 2, 6t =5+ 2

D, = E[D, | 1Al = 4 > SE[Di(4) + Da(A)]

For Bernoulli noise BC, things are easier
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Motivation: Finite Blocklength Bounds for JSCC

Uls_ vs Bernoulli((i*)@”
- S LE— (.00
sm— fS")

@

L) (7.0

7| —nd
Let A= % Uls, vs Bernoulh(5+)®”
By CLT: “A ~ A(0,8(1 — 8))"

P S - + _a_
Set: 6 =0 2, 0" =5+ =

>

D, = E[D, | 1Al = 4 > SE[Di(4) + Da(A)]

But how accurate is the approximation of spherical noise
with Bernoulli noise?
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Results - Bound on Entropy Difference

Theorem
For any 0 < 0 < 1/2 we have that

a(8)vn+ o(v/n) < sup H(X" + U") — H(X" + Z°) < V2rei(6)vn

where

(6) = log (1 . 5) 5(12; 5)

The case X" = 0" is non-representative:
H(X" 4+ U") can be greater than H(X" 4+ Z") by O(y/n), and this is
tight
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Results - Bound on Entropy Difference

Theorem
For any 0 < 0 < 1/2 we have that

% log n+ c3(0) < sup H(X" + Z") — H(X" + U") < ca(8)v/n
xXn

where

c2(0) = 4log (%) w

&s(0) = % log (275(1 — 5))

Lower bound is trivially achieved by X" = 0". Upper bound is
challenging
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Results - Bound on Entropy Difference

Theorem
For any 0 < 0 < 1/2 we have that

Q(0)Vn+ o(v/n) < sup |H(X" + U") — H(X" + 27)] < &(0)V/

where

2

c2(6) = 4log <%> w

(5) = log (1;5) 35(1—9)

Follows from combining the two previous results
supx» |[H(X" + U") — H(X" + Z")| is fully characterized, up to a
multiplicative constant 4/12



Results - Spherical MGL

Theorem (Spherical MGL)
For any 0 < 0 < 1/2 and any RV X" on {0,1}", we have that

H(X" + U") > nh (5*/71 (@)) —8lgélogn.
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Results - Spherical MGL

Theorem (Spherical MGL)
For any 0 < 0 < 1/2 and any RV X" on {0,1}", we have that

H(X" 4+ U") > nh (5*/71 (@)) —8lgalogn.

Wyner and Ziv's MGL gives
H(X"
H(X" + Z7) > nh (5 c bl <()>> .

n

Thus, MGL and the spherical MGL only differ by an O(log n)
additive term
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Some snippets of the proofs



Warm Up Bound via Coupling

Polyanskiy-Wu'16:
For any Py z» with marginals Py, Pz« (coupling)

H(X" + U") — H(X" + Z") < H(X™ + U™, X" + Z") — H(X" + Z")
= H(X" + U"|X" + Z")
< H(U" + 27
th<WU'+Z\)

n
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7/12



Warm Up Bound via Coupling

Polyanskiy-Wu'16:
For any Py z» with marginals Py, Pz« (coupling)

H(X" + U") — H(X" + Z") < H(X™ + U™, X" + Z") — H(X" + Z")
= H(X" + U"|X" + Z")
< H(U" + 27
th<WU'+Z\>

n

smmmmw+m—mw+wnm4@%ﬂ)
For any Pyn z» with marginals Pyn, Pz (coupling)

E|U" + Z°
ymw+uw—mw+fﬂgm<‘af>
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Warm Up Bound via Coupling

Optimal coupling:
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Warm Up Bound via Coupling

Optimal coupling:
Draw a RV W ~ Binomial(n,d) and a uniform permutation I

Vz
| — |
w
Vu
| {
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U =n(w)
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Warm Up Bound via Coupling

Optimal coupling:
Draw a RV W ~ Binomial(n,d) and a uniform permutation I

Vz
| — |
w
Vu
| {
né
2" =T(Vz)
r - — - !
U =n(w)

E|Z" + U"| = E|W — dn| < \/nd(1 — 0)

7/12



Warm Up Bound via Coupling
For any Py z» with marginals Py, Pzn (coupling)

HX™ -+ U™) — H(X + 27)] < nh (E’U s )
n
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Warm Up Bound via Coupling

For any Py z» with marginals Pyn, Pzn (coupling)

ElU"+ 2"
|H(X”+U")—H(X”+Z”)|<nh<’ - )

n

Lemma
For any X" on {0,1}"

IH(X" + U") — H(X" + Z7)| < \/n8(1 — 8) log (5(1”_5))
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Warm Up Bound via Coupling

For any Py z» with marginals Pyn, Pzn (coupling)

ElU"+ 2"
|H(X”+U")—H(X”+Z”)|<nh<’ - )

n

Lemma
For any X" on {0,1}"

IH(X" + U") — H(X" + Z7)| < \/n8(1 — 8) log (5(1”_5))

Got O(y/nlog n), want O(+/n)
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One-Sided Improvement via Coupling

o Let P= PX"+U", Q: PXn+Zn

H(Xn + Un) N H(Xn + Z”) =K -Iog g(()):” _—ii__ 5:§:|
ok -| QX" + ZM) QX" + U”)]
— B Qx + Un) P(X" + Un)
=E _Iog m} D(P||Q)
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One-Sided Improvement via Coupling

o Let P= PX"+U", Q: PXn+Zn

H(X" + U") —

o x" — log Q(x") is log 152

HX + 27 = E [Io gg((x iiﬂ
e QX+ Z7) QX+ UT)
—E _ 18 (X + U7 P (X"+U")]
= E |log QE 15;} D(P||Q)
19 -Lipshitz
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One-Sided Improvement via Coupling

o Let P= PX"+U", Q: PXn+Zn

H(X + UM) — H(X' + 27) = _| og g((x 153]
e QX+ Z7) QX+ UT)
—E _ 18 (X + Un) P(X" + U")]
= E |log QE 15;} D(P||Q)

o x" > log Q(x") is log 25°-Lipshitz

HX"+ UMY~ H(X"+Z") < E [Iog Q(X"WLZ")} < log *

5
E|Z'+U"
QX"+ U) 5 B+
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One-Sided Improvement via Coupling

o Let P= PX"+U", Q: PXn+Zn

HOXT + U") — HOX" + 27) = E |log g((x 153]
e
— 5 [log Qs | -~ DPI)
o X" log Q(x") s log 1% Lipshitz
HX"+U"—H(X"+2Z") <E [Iog W} < log - 5IE!Z”+U”|

Using the coupling introduced in previous slide gives
E|Z"+ U" < y/nd(1 =)
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One-Sided Improvement via Coupling

Lemma
For any 0 < 0 < 1/2 we have that

supxn H(X" 4+ U") — H(X" + Z) < V2me1(6)v/n

where

e.(5) = log (1 - 5) 5(12; 5)
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Random Coding Lower Bound on H(X" + U") — H(X" + Z")

@ By random coding, we can show that the channel
x" — x7+ U" has zero dispersion
= 3C with rate R = log2 — h(J) — %" and P, < n!

n
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Random Coding Lower Bound on H(X" + U") — H(X" + Z")

@ By random coding, we can show that the channel
x" — x7+ U" has zero dispersion
= 3C with rate R = log2 — h(§) — °&" and P, < n!

n

e We will estimate H(X" + U") and upper bound H(X" 4 Z")

Let X" ~ Unif(C). By Fano's inequality

H(X" + U") = (X" + U X™) + H(U")

— H(X")+  HU")  — HOXCXT 4 U
—— —— —_—
nR nh(5)— 1 log n+const const

3
=nlog?2 — 5 log n — const
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Random Coding Lower Bound on H(X" + U") — H(X" + Z")

@ By random coding, we can show that the channel
x" — x7+ U" has zero dispersion
= 3C with rate R = log2 — h(§) — °&" and P, < n!

n

e We will estimate H(X" + U") and upper bound H(X" 4 Z")
Let W= |Z"|. We have

H(X" 4 Z) = H(X" + Z°| W) + [(W: X" + Z7)
< H(X"+ Z"|W) + log n
<Ew (H(X”,Z"|W: W)/\n|og2) +logn

=Ew (H(X") + H(Z"|W=w) /\ nlog 2) + logn

<Ew <H(X”) + nh <"A7/> /\ nlog2> +logn
< nlog2 — c1(6)v/n(1 + o(1))
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Random Coding Lower Bound on H(X" + U") — H(X" + Z")

@ By random coding, we can show that the channel
x" — x7+ U" has zero dispersion
= 3C with rate R = log2 — h(J) — %" and P, < n!

n

e We will estimate H(X" + U") and upper bound H(X" 4 Z")

lemma
For any 0 < 0 < 1/2 we have that

supxe HOX™ + U") — H(X" + Z°) > c1(8)v/n(1 + o(1))

where

(5) = log <1 . 5) 5(12; )
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Upper Bound on H(X" + Z") — H(X" + U")

@ We look at m-projections of U"

@ We show, by induction, that forevery 1 < m<n

H(X™ + Z™) — H(X™ + U™) < c(6) Y

2<k<m v _1
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Upper Bound on H(X" + Z") — H(X" + U")

@ We look at m-projections of U"

@ We show, by induction, that forevery 1 < m<n

H(X™ + Z™) — H(X™ + U™) < c(6) Y

2<k<m v _1

Let V-1 = Xm1 4 U1 From standard chain rule tricks

H(Xm + Zm) _ H(Xm + Um) — (Xm—l Zm—l) o H(Xm—l Um—l)
£ H(Xm + Zon| V™) = H(Xm + U V™)

Bound first term using induction Hypothesis
Challenge in bounding second term is that X, fL Up| V™1
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Upper Bound on H(X" + Z") — H(X" + U")

@ We look at m-projections of U"

@ We show, by induction, that forevery 1 < m<n

H(X™ + Z™) — H(X™ + U™) < c(6) Y

2<k<m v _1

Let V1 = xm=1 1 ym=1 From standard chain rule tricks
1

HX™ 4+ Z7) = HX" + U™) < c(0) > e

2<k<m— pVn—(k=1)

o+ H X + Zon| VL) = H(X + Up| V™)
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Upper Bound on H(X" + Z") — H(X" + U")

@ We look at m-projections of U"

@ We show, by induction, that forevery 1 < m<n

H(X™ + Z™) — H(X™ + U™) < c(6) Y

2<k<m v _1

Let V-1 = Xm1 4 U1 From standard chain rule tricks

H(X™ + Z™) = HXT + U™) < () >

1
2<k<m—1 VI~ (k—1)

+ H(Xm + Zm’\/m_l) - H(Xm + Um| Vm_l)

Lemma: Let A, B, C be RVs, and B 4 B, B 1L (A, B, C), then

H(A + B|C) — H(A + B|C) < vy/I(A, C; B)
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Let V-1 = Xm1 4 U1 From standard chain rule tricks

H(X™ + Z™) = HXT + U™) < c(6) >

1
2<k<m—1 vn—(k—1)

5)\/ Xy V1, U

Lemma: Let A, B, C be RVs, and BZ B, B 1L (A, B, C), then

H(A + B|C) — H(A + B|C) < y+/I(A, C; B)
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Upper Bound on H(X" + Z") — H(X" + U")
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1
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Let V-1 = Xm1 4 U1 From standard chain rule tricks

H(X™ + Z™) = HXT + U™) < c(6) >

1
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+d(6)\/ (U1, Upy)

1(Xen, V'L Um) = (X, XM+ UL Upy) < (UMY U)
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Upper Bound on H(X" + Z") — H(X" + U")

@ We look at m-projections of U"

@ We show, by induction, that forevery 1 < m<n

H(X™ + Z™) — H(X™ + U™) < c(6) Y

2<k<m v _1

Let V-1 = Xm1 4 U1 From standard chain rule tricks

H(X™ + Z™) = HXT + U™) < c(6) >

2<k<m— VI *1

+cC ((5)C (0)ﬁ

Can be shown that (U™~ Unm) < ¢"(6) 7=
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Upper Bound on H(X" + Z") — H(X" + U")

@ We look at m-projections of U"

@ We show, by induction, that forevery 1 < m<n

H(X™ + Z™) — H(X™ + U™) < c(6) Y

2<k<m v _1

lemma
For any 0 < 6 < 1/2 we have that

supxn H(X" + Z") — H(X" + U") < ca(8)+/n
where

c2(0) = 4log <<15> h(é)(;é)
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Spherical MGL

Define the RV A, = Pr(U, = 1|U™1). Can be shown that
EA, =6 and E(A, — 6)? < %. We have

HX"+ U") = H(Xm + Un| X714 UPTY)

m=1

> Z H(Xm+ Um|Xm_17 Um—l)

m=1

= ZEh (Pr(Xm = 1|X™ 1) % Pr(Unm = 1|U™ 1))

> ZEh (A (H(Xin| X™1))  Ap))
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Spherical MGL

Define the RV A, = Pr(U, = 1|U™1). Can be shown that
EA, =6 and E(A, — 6)? < %. We have

HX"+ U") = H(Xm + Un| X714 UPTY)

m=1
> Z H(Xm+ Um|Xm_1, Um—l)
m=1
= ZEh (Pr(Xm = 1[X™ 1) % Pr(Up, = 1|U™ 1))

> ZEh (A (H(Xin| X™1))  Ap))

Now, just use the fact that A, is concentrated around ¢
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Spherical MGL

Theorem (Spherical MGL)
For any 0 < 0 < 1/2 and any RV X" on {0,1}", we have that

H(X" + U") > nh (5*/71 (@)) —81_5|ogn.

J
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Conclusions

The difference between H(X" + Z") and H(X" + U") was
studied

supyn HX" + Up) — HX" + Z") = c1(8)v/n

supxn H(X" + Z,) — H(X" + U") € [% log n + ¢3(6), c2(8) /7]
H(X™ + U") > MGL(H(X")) — ca(d) log n

The channels x" — x" 4+ U" and x" — x" 4+ Z" are not ordered
in “less noisy” sense

We currently don't know if x” — x7 4+ U" is “more capable”
than x" — x" 4+ 2"
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