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Bernoulli Noise VS Spherical Noise

Let Zn ∼ Bernoulli(δ)⊗n

Define the δn-Hamming sphere

Sδn,n , {xn ∈ {0, 1}n : |xn| = δn}

and let Un ∼ Unif(Sδn,n)
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Let Zn ∼ Bernoulli(δ)⊗n

Define the δn-Hamming sphere

Sδn,n , {xn ∈ {0, 1}n : |xn| = δn}

and let Un ∼ Unif(Sδn,n)

Zi
d
= Ui, so H(Zn) > H(Un)

In fact, from Stirling’s approximation

H(Zn)− H(Un) = nh(δ)− log |Sδn,n|

∈ 1
2 log n +

[
1
2 log(2πδ(1 − δ)),

1
2 log(8δ(1 − δ))

]
.
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Bernoulli Noise VS Spherical Noise

Let Zn ∼ Bernoulli(δ)⊗n

Define the δn-Hamming sphere

Sδn,n , {xn ∈ {0, 1}n : |xn| = δn}

and let Un ∼ Unif(Sδn,n)

This talk
Let Xn ⊥⊥ (Zn,Un) be some RV on {0, 1}n

What can we say on H(Xn + Zn)− H(Xn + Un)?

Always positive (like for Xn = 0n)?
How does it scale with n?
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Motivation: Finite Blocklength Bounds for JSCC

Sm f(Sm) Xn

Zn ∼ Bernoulli(δ)⊗n

Yn
g(Yn)

(
Ŝm,Dn = E|Sm−Ŝm|

m

)
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Motivation: Finite Blocklength Bounds for JSCC

Sm f(Sm) Xn

Un
nδ−

Yn
1 g1(Yn

1) (Ŝm
1 ,D1)

Un
nδ+

Yn
2 g2(Yn

2) (Ŝm
2 ,D2)

Let A = |Zn|−nδ√n
By CLT: “A ∼ N (0, δ(1 − δ))”
Set: δ− = δ − a√n , δ+ = δ + a√n

Dn = E[Dn | |A| = a] ≥ 1
2E [D1(A) + D2(A)]
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Set: δ− = δ − a√n , δ+ = δ + a√n

Dn = E[Dn | |A| = a] ≥ 1
2E [D1(A) + D2(A)]

Tradeoff between D1 and D2 is hard to analyze for the spherical
noise BC

3 / 12



Motivation: Finite Blocklength Bounds for JSCC

Sm f(Sm) Xn

Bernoulli(δ−)⊗n

Yn
1 g1(Yn

1) (Ŝm
1 ,D1)

Bernoulli(δ+)⊗n

Yn
2 g2(Yn

2) (Ŝm
2 ,D2)

Let A = |Zn|−nδ√n
By CLT: “A ∼ N (0, δ(1 − δ))”
Set: δ− = δ − a√n , δ+ = δ + a√n

Dn = E[Dn | |A| = a] ≥ 1
2E [D1(A) + D2(A)]

For Bernoulli noise BC, things are easier
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Motivation: Finite Blocklength Bounds for JSCC

Sm f(Sm) Xn

Un
nδ− vs Bernoulli(δ−)⊗n

Yn
1 g1(Yn

1) (Ŝm
1 ,D1)

Un
nδ+ vs Bernoulli(δ+)⊗n

Yn
2 g2(Yn

2) (Ŝm
2 ,D2)

Let A = |Zn|−nδ√n
By CLT: “A ∼ N (0, δ(1 − δ))”
Set: δ− = δ − a√n , δ+ = δ + a√n

Dn = E[Dn | |A| = a] ≥ 1
2E [D1(A) + D2(A)]

But how accurate is the approximation of spherical noise
with Bernoulli noise?
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Results - Bound on Entropy Difference

Theorem
For any 0 < δ < 1/2 we have that

c1(δ)
√

n + o(
√

n) ≤ sup
Xn

H(Xn + Un)− H(Xn + Zn) ≤
√

2πc1(δ)
√

n

where

c1(δ) = log

(
1 − δ

δ

)√
δ(1 − δ)

2π

The case Xn = 0n is non-representative:
H(Xn + Un) can be greater than H(Xn + Zn) by O(

√
n), and this is

tight
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Results - Bound on Entropy Difference

Theorem
For any 0 < δ < 1/2 we have that

1
2 log n + c3(δ) ≤ sup

Xn
H(Xn + Zn)− H(Xn + Un) ≤ c2(δ)

√
n

where

c2(δ) = 4 log
(

1
δ

)√
h(δ)(1 − δ)

δ

c3(δ) =
1
2 log (2πδ(1 − δ))

Lower bound is trivially achieved by Xn = 0n. Upper bound is
challenging
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Results - Bound on Entropy Difference

Theorem
For any 0 < δ < 1/2 we have that

c1(δ)
√

n + o(
√

n) ≤ sup
Xn

|H(Xn + Un)− H(Xn + Zn)| ≤ c2(δ)
√

n

where

c1(δ) = log

(
1 − δ

δ

)√
δ(1 − δ)

2π

c2(δ) = 4 log
(

1
δ

)√
h(δ)(1 − δ)

δ

Follows from combining the two previous results
supXn |H(Xn + Un)− H(Xn + Zn)| is fully characterized, up to a

multiplicative constant 4 / 12



Results - Spherical MGL

Theorem (Spherical MGL)
For any 0 < δ < 1/2 and any RV Xn on {0, 1}n, we have that

H(Xn + Un) ≥ nh
(
δ ∗ h−1

(
H(Xn)

n

))
− 81 − δ

δ
log n.
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Results - Spherical MGL

Theorem (Spherical MGL)
For any 0 < δ < 1/2 and any RV Xn on {0, 1}n, we have that

H(Xn + Un) ≥ nh
(
δ ∗ h−1

(
H(Xn)

n

))
− 81 − δ

δ
log n.

Wyner and Ziv’s MGL gives

H(Xn + Zn) ≥ nh
(
δ ∗ h−1

(
H(Xn)

n

))
.

Thus, MGL and the spherical MGL only differ by an O(log n)
additive term
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Some snippets of the proofs
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Warm Up Bound via Coupling

Polyanskiy-Wu’16:
For any PUn,Zn with marginals PUn ,PZn (coupling)

H(Xn + Un)− H(Xn + Zn) ≤ H(Xn + Un,Xn + Zn)− H(Xn + Zn)

= H(Xn + Un|Xn + Zn)

≤ H(Un + Zn)

≤ nh
(
E|Un + Zn|

n

)

7 / 12



Warm Up Bound via Coupling

Polyanskiy-Wu’16:
For any PUn,Zn with marginals PUn ,PZn (coupling)

H(Xn + Un)− H(Xn + Zn) ≤ H(Xn + Un,Xn + Zn)− H(Xn + Zn)

= H(Xn + Un|Xn + Zn)

≤ H(Un + Zn)

≤ nh
(
E|Un + Zn|

n

)

similarly, H(Xn + Zn)− H(Xn + Un) ≤ nh
(
E|Un+Zn|

n

)

7 / 12



Warm Up Bound via Coupling

Polyanskiy-Wu’16:
For any PUn,Zn with marginals PUn ,PZn (coupling)

H(Xn + Un)− H(Xn + Zn) ≤ H(Xn + Un,Xn + Zn)− H(Xn + Zn)

= H(Xn + Un|Xn + Zn)

≤ H(Un + Zn)

≤ nh
(
E|Un + Zn|

n

)

similarly, H(Xn + Zn)− H(Xn + Un) ≤ nh
(
E|Un+Zn|

n

)
For any PUn,Zn with marginals PUn ,PZn (coupling)

|H(Xn + Un)− H(Xn + Zn)| ≤ nh
(
E|Un + Zn|

n

)
7 / 12



Warm Up Bound via Coupling
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Warm Up Bound via Coupling

Optimal coupling:
Draw a RV W ∼ Binomial(n, δ) and a uniform permutation Π

VZ

W
VU

nδ
Zn = Π(VZ)

Un = Π(VU)

E|Zn + Un| = E|W − δn| ≤
√

nδ(1 − δ)
7 / 12
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Warm Up Bound via Coupling

For any PUn,Zn with marginals PUn ,PZn (coupling)

|H(Xn + Un)− H(Xn + Zn)| ≤ nh
(
E|Un + Zn|

n

)

Lemma
For any Xn on {0, 1}n

|H(Xn + Un)− H(Xn + Zn)| ≤
√

nδ(1 − δ) log

(
n

δ(1 − δ)

)
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Warm Up Bound via Coupling

For any PUn,Zn with marginals PUn ,PZn (coupling)

|H(Xn + Un)− H(Xn + Zn)| ≤ nh
(
E|Un + Zn|

n

)

Lemma
For any Xn on {0, 1}n

|H(Xn + Un)− H(Xn + Zn)| ≤
√

nδ(1 − δ) log

(
n

δ(1 − δ)

)

Got O(
√

n log n), want O(
√

n)
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One-Sided Improvement via Coupling

Let P = PXn+Un , Q = PXn+Zn

H(Xn + Un)− H(Xn + Zn) = E
[
log

Q(Xn + Zn)

P(Xn + Un)

]
= E

[
log

Q(Xn + Zn)

Q(Xn + Un)

Q(Xn + Un)

P(Xn + Un)

]
= E

[
log

Q(Xn + Zn)

Q(Xn + Un)

]
− D(P∥Q)
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− D(P∥Q)

xn 7→ logQ(xn) is log 1−δ
δ -Lipshitz

H(Xn+Un)−H(Xn+Zn) ≤ E
[
log

Q(Xn + Zn)

Q(Xn + Un)

]
≤ log

1 − δ

δ
E|Zn+Un|

Using the coupling introduced in previous slide gives
E|Zn + Un| ≤

√
nδ(1 − δ)
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One-Sided Improvement via Coupling

Lemma
For any 0 < δ < 1/2 we have that

supXnH(Xn + Un)− H(Xn + Zn) ≤
√

2πc1(δ)
√

n

where

c1(δ) = log

(
1 − δ

δ

)√
δ(1 − δ)
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Random Coding Lower Bound on H(Xn +Un)−H(Xn +Zn)

By random coding, we can show that the channel
xn 7→ xn + Un has zero dispersion
⇒ ∃C with rate R = log 2 − h(δ)− log n

n and Pe < n−1

We will estimate H(Xn + Un) and upper bound H(Xn + Zn)
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Random Coding Lower Bound on H(Xn +Un)−H(Xn +Zn)

By random coding, we can show that the channel
xn 7→ xn + Un has zero dispersion
⇒ ∃C with rate R = log 2 − h(δ)− log n

n and Pe < n−1

We will estimate H(Xn + Un) and upper bound H(Xn + Zn)

Let Xn ∼ Unif(C). By Fano’s inequality

H(Xn + Un) = I(Xn + Un;Xn) + H(Un)

= H(Xn)︸ ︷︷ ︸
nR

+ H(Un)︸ ︷︷ ︸
nh(δ)− 1

2 log n+const

−H(Xn|Xn + Un)︸ ︷︷ ︸
const

= n log 2 − 3
2 log n − const
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Random Coding Lower Bound on H(Xn +Un)−H(Xn +Zn)

By random coding, we can show that the channel
xn 7→ xn + Un has zero dispersion
⇒ ∃C with rate R = log 2 − h(δ)− log n

n and Pe < n−1

We will estimate H(Xn + Un) and upper bound H(Xn + Zn)

Let W = |Zn|. We have

H(Xn + Zn) = H(Xn + Zn|W) + I(W;Xn + Zn)

≤ H(Xn + Zn|W) + log n

≤ EW
(

H(Xn,Zn|W = w)
∧

n log 2
)
+ log n

= EW
(

H(Xn) + H(Zn|W = w)
∧

n log 2
)
+ log n

≤ EW

(
H(Xn) + nh

(
W
n

)∧
n log 2

)
+ log n

≤ n log 2 − c1(δ)
√

n(1 + o(1))
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Random Coding Lower Bound on H(Xn +Un)−H(Xn +Zn)

By random coding, we can show that the channel
xn 7→ xn + Un has zero dispersion
⇒ ∃C with rate R = log 2 − h(δ)− log n

n and Pe < n−1

We will estimate H(Xn + Un) and upper bound H(Xn + Zn)

lemma
For any 0 < δ < 1/2 we have that

supXnH(Xn + Un)− H(Xn + Zn) ≥ c1(δ)
√

n(1 + o(1))

where

c1(δ) = log

(
1 − δ

δ

)√
δ(1 − δ)

2π
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Upper Bound on H(Xn + Zn)− H(Xn + Un)

We look at m-projections of Un

We show, by induction, that for every 1 ≤ m ≤ n

H(Xm + Zm)− H(Xm + Um) ≤ c(δ)
∑

2≤k≤m

1√
n − (k − 1)
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Let Vm−1 = Xm−1 + Um−1. From standard chain rule tricks

H(Xm + Zm)− H(Xm + Um) = H(Xm−1 + Zm−1)− H(Xm−1 + Um−1)

+ H(Xm + Zm|Vm−1)− H(Xm + Um|Vm−1)
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H(Xm + Zm)− H(Xm + Um) = H(Xm−1 + Zm−1)− H(Xm−1 + Um−1)

+ H(Xm + Zm|Vm−1)− H(Xm + Um|Vm−1)

Bound first term using induction Hypothesis
Challenge in bounding second term is that Xm ̸⊥⊥ Um|Vm−1
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Let Vm−1 = Xm−1 + Um−1. From standard chain rule tricks

H(Xm + Zm)− H(Xm + Um) ≤ c(δ)
∑

2≤k≤m−1

1√
n − (k − 1)

+ H(Xm + Zm|Vm−1)− H(Xm + Um|Vm−1)

Lemma: Let A,B,C be RVs, and B̄ d
= B, B̄ ⊥⊥ (A,B,C), then

H(A + B̄|C)− H(A + B|C) ≤ γ
√

I(A,C;B)
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Upper Bound on H(Xn + Zn)− H(Xn + Un)

We look at m-projections of Un

We show, by induction, that for every 1 ≤ m ≤ n
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Let Vm−1 = Xm−1 + Um−1. From standard chain rule tricks

H(Xm + Zm)− H(Xm + Um) ≤ c(δ)
∑

2≤k≤m−1

1√
n − (k − 1)

+c′(δ)c′′(δ) 1√
n − (m − 1)

Can be shown that I(Um−1;Um) ≤ c′′(δ) 1
n−(m−1)
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Upper Bound on H(Xn + Zn)− H(Xn + Un)

We look at m-projections of Un

We show, by induction, that for every 1 ≤ m ≤ n

H(Xm + Zm)− H(Xm + Um) ≤ c(δ)
∑

2≤k≤m

1√
n − (k − 1)

lemma
For any 0 < δ < 1/2 we have that

supXnH(Xn + Zn)− H(Xn + Un) ≤ c2(δ)
√

n

where

c2(δ) = 4 log
(

1
δ

)√
h(δ)(1 − δ)

δ
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Spherical MGL

Define the RV Am = Pr(Um = 1|Um−1). Can be shown that
EAm = δ and E(Am − δ)2 ≤ δ(1−δ)

n−m . We have

H(Xn + Un) =
n∑

m=1
H(Xm + Um|Xm−1 + Um−1

1 )

≥
n∑

m=1
H(Xm + Um|Xm−1,Um−1)

=
n∑

m=1
Eh

(
Pr(Xm = 1|Xm−1) ∗ Pr(Um = 1|Um−1)

)
≥

n∑
m=1

Eh
(
h−1 (H(Xm|Xm−1)

)
∗ Am)

)
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Pr(Xm = 1|Xm−1) ∗ Pr(Um = 1|Um−1)

)
≥

n∑
m=1

Eh
(
h−1 (H(Xm|Xm−1)

)
∗ Am)

)
Now, just use the fact that Am is concentrated around δ
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Spherical MGL

Theorem (Spherical MGL)
For any 0 < δ < 1/2 and any RV Xn on {0, 1}n, we have that

H(Xn + Un) ≥ nh
(
δ ∗ h−1

(
H(Xn)

n

))
− 81 − δ

δ
log n.
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Conclusions

The difference between H(Xn + Zn) and H(Xn + Un) was
studied
supXn H(Xn + Un)− H(Xn + Zn) = c1(δ)

√
n

supXn H(Xn + Zn)− H(Xn + Un) ∈ [1
2 log n + c3(δ), c2(δ)

√
n]

H(Xn + Un) ≥ MGL(H(Xn))− c4(δ) log n
The channels xn 7→ xn + Un and xn 7→ xn + Zn are not ordered
in “less noisy” sense
We currently don’t know if xn 7→ xn + Un is “more capable”
than xn 7→ xn + Zn
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