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Abstract—This paper develops a unified framework for
upper bounding the minimax risk in high-dimensional
parameter estimation problems. To this end, we study
a quantized maximum likelihood estimator, where the
estimator computes the likelihood for all points within a
discrete cover, and outputs the candidate with the maxi-
mal likelihood. While this concept is straightforward, our
analysis is quite delicate. It splits the competing candi-
dates in the cover to small shells, and controls the number
of candidates in each shell, as well as the probability that
a candidate in the shell outscores a candidate which is
close to the true parameter. We demonstrate the utility
of our bounds by applying them to different Gaussian
problems, and showing that they recover the optimal
minimax rate for the Gaussian location model and the
spiked Wigner Model. For the multi-reference alignment
problem we obtain a novel minimax upper bound, which
essentially places no assumptions on the signal of interest.

I. INTRODUCTION

We consider the problem of estimating a parameter
θ ∈ Θ ⊂ Ad from the measurement Y n ∼ P θ

Y n ,
under minimax risk with respect to some loss ℓ(θ, θ̂).
Many works derived minimax upper bounds using
information-theoretic techniques, see e.g. [1]–[3], as
well as [4] and references within, for a very partial
list of examples. Our goal here, however, is to de-
velop a unified information-theoretic framework for
upper bounding the minimax risk in various high-
dimensional problems where d→ ∞.

A common approach for computing such bounds, is
analyzing the performance of the maximum likelihood
estimator (MLE). While such analysis is classical for
models consisting of i.i.d. distributions dictated by
a parameter vector of small dimension [5], it often
becomes too complex to handle for high-dimensional
models of interest [6]. A natural way to overcome
the difficulty involved with analyzing the result of
a maximization over a (possibly continuous) high-
dimensional set of parameters, is to use discretization.
Under this paradigm, one fixes some discrete set C
which covers Θ with some predefined resolution τ ,
computes for each point in the set some score for
compatibility with the measurements, and chooses the
point with the highest score as the estimator. Examples
for works following this approach include that of Le
Cam [7] and Birgé [8], and to some extent also that of

Yatracos [9] and of Yang and Barron [10]. See also [4,
Chapter 32].

When the compatibility score is the likelihood, we
refer to the obtained estimator as the quantized MLE.
The probability Pr(ℓ(θ, θf ) ≥ δ) of forming a “bad”
estimate with loss exceeding δ > τ > 0 is controlled
by the mismatched binary hypothesis testing error
probability of a “bad” point θf with ℓ(θ, θf ) ≥ δ
obtaining a higher likelihood than that of “good” point
with ℓ(θ, θn) ≤ τ < δ, times the number of candidates
|C|. One shortcoming of this bounding approach, how-
ever, is that it fails to exploit the fact that in many
problems this mismatched binary hypothesis testing
error probability decreases with δ, while the number of
competing points |{θf ∈ C : ℓ(θ, θf ) ≈ δ}| incurring
loss δ is increasing in δ, but is typically much smaller
than |C|.

To tackle this issue, in this paper we perform a shell
analysis for the quantized MLE. The contribution of a
shell of radius δ′ to the error probability is the prob-
ability that a point in this distance beats a point with
distance τ , times the number of points in the shell. We
provide a general upper bound on the estimation error,
which depends on the mismatched binary hypothesis
testing error probability for the observation model and
on the “uniform covering density” of Θ with respect
to the loss ℓ. We then show that when Θ ⊂ Rd

and ℓ(θ, θ̂) is some (arbitrary) norm, we can form
a τ -cover with all shells having size d log δ′

τ + o(d)
simultaneously. With this, we are able to successfully
apply our bound to various high-dimensional Gaussian
problems under quadratic loss, with Θ ⊂ Rd having an
essentially unbounded diameter. To illustrate the power
and versatility of our bounding approach, we apply it
to recover the optimal known minimax rates for the
Gaussian location model and the spiked Wigner model.
We further apply our bound to the multi-reference
alignment (MRA) problem and obtain a novel mini-
max upper bound, which is essentially assumptions-
free. Our bound shows that as long as the number
of measurements is O(d/ log d) the minimax risk of
MRA is equal to that of the Gaussian location model,
up to constants.

It should be noted that while the developed bounds
may fall short at achieving the precise constants in



the minimax risk characterization, and tailor-made
estimation algorithms often result in sharper bounds,
our framework provides a general and relatively simple
recipe for computing minimax upper bounds. The main
advantage of our bounds is that they are not limited
to i.i.d. models P = {P⊗n

θ : θ ∈ Θ}, and under some
assumptions (which hold for many high-dimensional
estimation problems of interest) they take a particularly
simple form for product models P = {

∏n
i=1 Pgi(θ) :

θ ∈ Θ} where g1, . . . , gn are some functions. The
three Gaussian examples we consider here can be cast
as product models. In the full version of this paper we
extend the treatment to general product distributions,
but here the details are omitted due to lack of space.

II. PROBLEM FORMULATION AND GENERAL
BOUNDS

We begin with several definitions that will be needed
for the problem formulation and for stating our results.
We follow the notation of [4].

Let A be some arbitrary alphabet, and Θ ⊂ Ad be
some subset in Ad, and consider a class of distributions

PΘ ≜
{
P θ
Y n : θ ∈ Θ

}
. (1)

on the alphabet Yn. Let ℓ : Θ × Θ → R+ be a loss
function. The minimax estimation risk is defined as

R∗ = inf
θ̂

sup
θ∈Θ

Eθ

[
ℓ(θ, θ̂(Y n))

]
,

where the notation Eθ designates that the expectation
is taken with respect to Y n ∼ P θ

Y n . Our focus is on de-
veloping minimax upper bounds on Pr(ℓ(θ, θ̂(Y n)) >
δ). In particular, we will be interested in understanding
for which values of δ there exists an estimator θ̂ for
which the above probability is small, and this in turn,
leads to upper bounds on the minimax risk.

To that end, we study and analyze a proxy for the
maximum likelihood estimator (MLE), which we call
the quantized maximum likelihood estimator. For any
θ ∈ Θ and yn ∈ Yn define the likelihood

Lθ(y
n) ≜

dP θ
yn

dµ
(yn),

where µ is some common dominating measure.

Definition II.1 (quantized MLE). For a class of distri-
butions defined in (1), a given discrete set C ⊂ Θ, and
measurements yn ∈ Yn, the quantized MLE outputs

θ̂(yn) = argmax
θ∈C

Lθ(y
n) (2)

as the estimate.

We say that a discrete set C forms a τ -cover for Θ
(with respect to ℓ) if

∀θ ∈ Θ ∃θ′ ∈ C such that ℓ(θ, θ′) ≤ τ.

Clearly, if C is not a τ -cover, the worst-case loss of
a quantized MLE with C is at least τ , as in this case
there is θ ∈ Θ that is at least τ -far from any potential
output of the quantized MLE. Thus, we would use C
which form a τ -cover for τ smaller than our target
risk. In addition, we would like C to have density as

small as possible, such that there will not be many
potential candidates far away from the true θ. To that
end, we define the population function of the set C as

MC(δ) ≜ max
θ∈Θ

|C ∩ B(θ, δ, ℓ)|

where

B(θ, δ, ℓ) ≜ {θ′ ∈ Θ : ℓ(θ, θ′) < δ}.

We further define the diameter of Θ as

diam(Θ) = min{δ ∈ R : ∀θ ∈ Θ, B(θ, δ, ℓ) = Θ}

We would like to upper bound the probability that
the estimation error ℓ(θ, θ̂(Y n)) of the quantized MLE
exceeds δ > τ . This can only happen if some θf with
ℓ(θ, θf ) ≥ δ received larger likelihood than θn with
ℓ(θ, θn) ≤ τ (such θn must exist since C is a τ -cover).
To that end, we need to control the error probability of
a mismatched binary hypothesis testing problem where
we observe Y n ∼ P θ

Y n and need to decide between
the H0 = P θn

Y n and H1 = P
θf
Y n . We define the function

EHT (τ, δ) = min
θ,θn,θf∈Θ
ℓ(θ,θn)≤τ
ℓ(θ,θf )≥δ

− logP θ
Y n

(
log

dP
θf
Y n

dP θn
Y n

(Y n) ≥ 0

)

The error exponent of mismatched binary hypothesis
testing for i.i.d. distributions was studied in [11]. Here,
we do not assume the distributions are i.i.d., and
furthermore, our quantity of interest is the minimum
exponent among all triplets θ, θn, θf ∈ Θ satisfying
the loss constraints.

Now, we are in a position to state and prove the
most general form of our bound.

Theorem II.2. Let C be a τ -cover for Θ, and let
δ1 < δ2 < · · · < δk be some real numbers, with
δ1 = δ > τ and δk ≥ diam(Θ) (which implies
MC(δk) = |C|). Assume that for all i = 1, . . . , k − 1
we have logMC(δi) ≤ f(τ, δi) for some function
f : R+ × R+ → R+, and that

min
i=1,...,k−1

EHT (τ, δi)− f(τ, δi+1)− log(k − 1) ≥ γ,

(3)

for some γ > 0. Then, for the quantized MLE, we have

P θ
Y n

[
ℓ
(
θ, θ̂(Y n)

)
> δ
]
< exp(−γ)

Proof. Since C forms a τ -cover of Θ, there must exist
some θn close to θ in the sense that ℓ(θ, θn) ≤ τ . In
order for a point θf satisfying ℓ(θ, θf ) ≥ δ > τ to be
chosen as the estimator in (2), we must have that

Lθf (Y
n) ≥ Lθn(Y

n) ⇐⇒ log
dP

θf
Y n

dP θn
Y n

(Y n) > 0.

Thus, the probability that ℓ(θ, θ̂(Y n)) > δ is upper
bounded by the probability that some θf ∈ C has
greater likelihood than θn. Let S = C \ (C ∩B(θ, δ, ℓ))
be the set of candidates for the quantized MLE that
incur ℓ(θ, θ̂(Y n)) ≥ δ. We can write S as a disjoint



partition S = ∪k−1
i=1 Si, of shells, where the ith shell is

defined as

Si = C ∩ (B(θ, δi+1, ℓ) \ B(θ, δi, ℓ)).

Note that |Si| ≤ |C ∩ (B(θ, δi+1, ℓ)| ≤ MC(δi+1). We
have

P θ
Y n

[
ℓ
(
θ, θ̂(Y n)

)
> δ
]

≤ P θ
Y n

 ⋃
θf∈S

{
Lθf (Y

n) ≥ Lθn(Y
n)
}

= P θ
Y n

k−1⋃
i=1

⋃
θf∈Si

{
Lθf (Y

n) ≥ Lθn(Y
n)
}

≤
k−1∑
i=1

∑
θf∈Si

P θ
Y n

(
Lθf (Y

n) ≥ Lθn(Y
n)
)

=
k−1∑
i=1

∑
θf∈Si

P θ
Y n

(
log

dP
θf
Y n

dP θn
Y n

(Y n) ≥ 0

)

≤
k−1∑
i=1

∑
θf∈Si

exp(−EHT (τ, δi))

≤
k−1∑
i=1

MC(δi+1) exp(−EHT (τ, δi))

=

k−1∑
i=1

exp(−(EHT (τ, δi)− logMC(δi+1)))

≤
k−1∑
i=1

exp(−(EHT (τ, δi)− f(τ, δi+1))), (4)

and the statement immediately follows.

Applying Theorem II.2 with k = 2, δ1 = δ, δk =
diam(Θ), we get the following corollary.

Corollary II.3. Let N(Θ, τ, ℓ) be the τ -covering num-
ber of Θ with respect to ℓ (the size of the smallest
τ -net), and assume EHT (τ, δ) > log |N(Θ, τ, ℓ)|+ γ.
Then, there exists a C, such that the quantized MLE
attains

P θ
Y n

[
ℓ
(
θ, θ̂(Y n)

)
> δ
]
< exp(−γ).

The simplified approach, of using a single shell,
is limited to the the bound in Corollary II.3, which
becomes quite useless when log |N(Θ, τ, ℓ)| is too
large. On the other hand, the use of k−1 shells in the
derivation of Theorem II.2 allows us to exploit the fact
that in many models the probability that a candidate θf
obtains high likelihood decreases with ℓ(θ, θf ). This
results in Theorem II.2 being useful even for cases
where the parameter space Θ has a large covering
number. However, as opposed to Corollary II.3 which
only requires an upper bound on the covering number,
in order to use Theorem II.2 we must find a function
f(δ, τ) that upper bounds logMC(δi) for some τ -cover
C, and i = 1, . . . , k − 1.

A. Results for high-dimensional Θ

It turns out that whenever Θ ⊂ Rd, and ℓ(θ, θ̂) =
∥θ− θ̂∥ for some arbitrary norm on Rd, we can obtain
simple closed-form expressions.

Lemma II.4. Let Θ ⊂ Rd, and ℓ(θ, θ̂) = ∥θ − θ̂∥
for some arbitrary norm on Rd. Let k = o(d2) be an
integer and let δ1 < δ2 < · · · < δk be real numbers
with δ1 = δ > τ and δk ≥ diam(Θ). There exists a
τ -cover C of Θ satisfying

logMC(δi) ≤ d log

(
δi
τ

)
+ o(d), ∀i = 1, . . . , k.

Sketch of proof. Any norm ∥ · ∥ on Rd can be ex-
pressed as ∥x∥ = inf{r : x ∈ rK} for some convex
symmetric body K in Rd. Thus, if Θ ⊂ C+τK, then C
forms a τ -cover for Θ with respect to ℓ(θ, θ̂) = ∥θ−θ̂∥.
In [12], Erdős and Rogers specify a distribution for
an infinite constellation L ⊂ Rd with unit density
(meaning that limr→∞ |L∩ rK|/Vol(rK) = 1 for any
convex body K ⊂ Rd) with the property that for any
convex body A ⊂ Rd with Vol(A) = Ω(poly(d)), we
have that with probability 1 − o(d−2): i)any point in
Rd is covered by L + A; ii)for any x ∈ Rd it holds
that |(x+A) ∩ L| < e ·Vol(A).1

Set A = A0 = ατK, and Ai = αδiK = δi
τ A for

i = 1, . . . , k − 1, where α > 0 is chosen such that
Vol(A) = poly(d). Drawing L from the distribution
in [12], we get that with high probability L+ατK =
Rn ⊃ Θ, and that for any θ ∈ Θ it holds that

|L ∩ B(θ, αδi, ∥ · ∥)| = |(θ + αδiK) ∩ L|

= |(θ +Ai) ∩ L| ≤ e ·Vol(Ai) = e

(
δi
τ

)d

poly(d).

Now, scaling by 1/α we get that L̃ = L/α forms a
τ -cover for Rd and satisfies ML̃(δi) ≤ e

(
δi
τ

)d
poly(d).

Taking logarithm establishes the claim.

With Lemma II.4, we can significantly simplify
Theorem II.2 for norm loss on Rd.

Theorem II.5. Let Θ ⊂ Rd and ℓ(θ, θ̂) = ∥θ − θ̂∥
for some norm on Rd. Let δ > τ > 0, and assume
furthermore that diam(Θ) = eo(d) and that

min
δ≤δ′≤diam(Θ)

[
EHT (τ, δ

′)− d · log
(
δ′

τ

)]
= Ω(d)

(5)

then

lim
d→∞

P θ
Y n

[
∥θ − θ̂(Y n)∥ > δ

]
= 0

Sketch of proof. Set k = 1+
⌈
d log diam(Θ)

δ

⌉
, and δi =

e(i−1)/dδ for i = 1, . . . , k. With this choice we have

1In a more recent work [13], a similar result is shown for the
natural distribution on unit co-volume lattices L ⊂ Rd.



that δk ≥ diam(Θ). By Lemma II.4 we can find a
τ -cover C such that for i = 1, . . . , k it holds that

logMC(δi+1) ≤ f(δi+1, τ) = d log
δi+1

τ
+ o(d)

= d log
δi
τ

+ d log
δi+1

δi
+ o(d)

= d log
δi
τ

+ o(d).

Thus, we have

min
i=1,...,k−1

EHT (τ, δi)− f(τ, δi+1)− log(k − 1)

= min
i=1,...,k−1

EHT (τ, δi)− d log
δi
τ

+ o(d)

≥ min
δ≤δ′≤diam(Θ)

EHT (τ, δ
′)− d log

δ′

τ
+ o(d).

Applying Theorem II.2, our claim follows.

III. GAUSSIAN MODELS

In this section we demonstrate how to apply our
bounds for several problems. Here, we restrict atten-
tion to the setup where Θ = {θ ∈ Rd : ∥θ∥2 ≤ r}
consists of all vectors inside an ℓ2 ball of radius r
in Rd, and the loss is the squared loss ℓ(θ, θ̂) =
∥θ − θ′∥22. Throughout this section, we assume the
dimension d goes to infinity. The number r here
is quite arbitrary. We only need it to satisfy r =

diam(Θ) = ee
o(d)

in order for Theorem II.5 to hold,
which is assumed in our derivations. In order to apply
Theorem II.5 for a given class of distribution PΘ, it
remains to upper bound EHT .

We begin by upper bounding EHT for simple Gaus-
sian models. We will later see that the analysis for
the simple case will also be useful for tackling more
complicated Gaussian models including the spiked
Wigner model and multi-reference alignment.

Let g : Θ → Rn be some function, and assume
P θ
Y n = N (g(θ), σ2In) for all θ ∈ Θ, where In is the
n× n identity matrix.

The following proposition will be useful.

Proposition III.1. Let a, b, c ∈ Rn. Then, for any
vector q ∈ Rn which satisfies ∥q − c∥2 ≤ ∥q − b∥2
we have that

∥q − a∥2 ≥ 1

2
(∥c− a∥2 − ∥b− a∥2).

With this proposition at hand, we can begin bound-
ing EHT . Let Q denote the Q-function, and define the
half-space H = {yn : ∥yn−g(θf )∥ ≤ ∥yn−g(θn)∥}.
We have

P θ
Y n

(
log

dP
θf
Y n

dP θn
Y n

(Y n) ≥ 0

)
= P θ

Y n(∥Y n − g(θf )∥2 ≤ ∥Y n − g(θn)∥2)
= P θ

Y n(Y n ∈ H) = Q(dist(g(θ),H)/σ)

≤ Q
(
∥g(θf )− g(θ)∥2 − ∥g(θn)− g(θ)∥2

2σ

)
.

Thus, recalling that Q(t) < exp(−t2/2), we have

− logP θ
Y n

(
log

dP
θf
Y n

dP θn
Y n

(Y n) ≥ 0

)

≥ 1

4

[√
∥g(θf )− g(θ)∥22

2σ2
−
√

∥g(θn)− g(θ)∥22
2σ2

]2
.

(6)

Defining the function

ψ(τ, δ) ≜

min
θ,θn,θf∈Θ
ℓ(θ,θn)≤τ
ℓ(θ,θf )≥δ

[√
∥g(θf )− g(θ)∥22

2σ2
−
√

∥g(θn)− g(θ)∥22
2σ2

]

we obtain that

EHT (τ, δ) ≥
1

4
ψ2(τ, δ). (7)

Now, we can apply our bound to various Gaussian
models (and squared loss). We start with the simplest
case of the Gaussian location model, and then move
to more complicated models.

A. Gaussian Location model

For the Gaussian location model (GLM) we have
that n = d and g(θ) = θ is the identity function.
Thus, it is immediate to check that

ψ(τ, δ) =

√
δ −

√
τ√

2σ2
.

Substituting this into (7) and using Theorem II.5, we
see that if for all δ′ ≥ δ we have

1

8σ2
(
√
δ′ −

√
τ)2 − d log

√
δ′√
τ

= Ω(d), (8)

then P θ
Y n

[∥∥∥θ − θ̂(Y n)
∥∥∥2
2
> δ

]
→d→∞ 0 . The fol-

lowing proposition, which is straightforward to verify,
will be useful.

Proposition III.2. Let a, b > 0 and consider the
function

ϕ(τ, δ) = a(
√
δ −

√
τ)2 − d log

√
δ√
τ
− d · b.

For τ = log(2)+b
a d and δ∗ = 4(log(2)+b)

a d > τ , we
have that ϕ(τ, δ) = Ω(d) for all δ > δ∗.

Now, applying Proposition III.2 with a = 1/8σ2

and b = 0, we see that, by (8), for the GLM

P θ
Y n

(
∥θ − θ̂(Y n))∥22 > 32 log(2)σ2d

)
→ 0.

Since the minimax risk for the GLM is σ2d [4], we
obtained the optimal behavior up to constants. While
the minimax risk for the GLM is trivial to obtain with
much simpler method, we now demonstrate that our
technique yields the optimal behavior of the minimax
risk also in more involved problems.



B. Spiked Wigner Model
In the spiked Wigner model, the parameter space is2

Θ = {θ ∈ Rd : 1 ≤ ||θ|| ≤ r} and the observation is
the d× d matrix

Y = λθθT +
1√
d
W

where the entries of W are i.i.d N (0, σ2). This model
can clearly be cast within our framework by taking
n = d2, σ = 1

λ , g(θ) =
√
d · vec[θθT ] ,where

the vec operation simply stacks the columns of a
matrix to one long vector. We further require λ >
10. The goal is to estimate θ. Since this model is
invariant to multiplication of θ by −1, the standard
quadratic loss is inadequate, and instead, we use the
loss ℓ(θ, θ̂) = min{∥θ − θ̂∥22, ∥θ + θ̂∥22}. If C is a
τ -cover under quadratic loss, it is clearly also a τ -
cover under the more forgiving loss ℓ(θ, θ̂). We also
have that changing the loss from standard quadratic
loss to the loss ℓ(θ, θ̂) increases MC(δ) by at most
a factor 2, which is negligible in our asymptotic
analysis. Thus, it only remains to lower bound ψ(τ, δ)
for g(θ) =

√
d · vec[θθT ]. We have the following

proposition (whose proof is omitted due to space
limitations).

Proposition III.3. Let c1 < 100 be some universal
constant, δ∗ = c1

λ2 , and τ = 2(
√
2−1)
9

δ∗

4 . Then for any
δ > δ∗ we have that

ψ(τ, δ) ≥ λ
√
d

(√
(
√
2− 1)

√
δ − 3√

2

√
τ

)
.

Thus, using Theorem II.5, and Proposition III.2,
after some algebraic manipulations we see that
there is a C for the quantized MLE for which
P θ
Y n

(
∥θ − θ̂(Y n)∥22) > δ∗

)
vanishes with d, with

δ∗ =
c1
λ2

It is known, see e.g. [4, Theorem 33.18] that if λ < 1,
then no estimator can achieve non trivial (< 1) error
for all θ ∈ Θ. Thus, our bounds recover the optimal
scaling of the signal-to-noise-ratio (SNR) threshold.
Furthermore, given the SNR is above the threshold, we
obtain a loss with the same scaling as those achieved
by spectral methods [14], [15] (although the constants
are better for the spectral methods).

C. Multi-Reference Alignment
In the multi-reference alignment (MRA) prob-

lem [16] we have θ ∈ {θ ∈ Θ = Rd : ∥θ∥2 ≤ r}
and we observe n measurements of the form

Yj = Rkj
θ + Zj , j = 1, . . . ,m,

where Rkθ is a cyclic shift of θ by k indices,
kj

i.i.d.∼ Unif([d]) (here [d] = {0, . . . , d − 1}), and
Zj

i.i.d.∼ N (0, σ2Id) are statistically independent of

2It is more common to assume that ||θ|| is constant, or drawn
from a prior for which ||θ|| concentrates. The parameter space Θ
defined above is more general.

θ. The challenge in estimating θ up to a cyclic shift:
ℓ(θ, θ′) = mini=0,...,k−1 ∥θ −Riθ

′∥22 is that the cyclic
shifts Rk1 , . . . , Rkm are unknown. Were they known,
the problem would become equivalent to the GLM.
Consequently, the quadratic minimax risk for the MRA
must satisfy R∗ ≥ σ2d/m.

In order to obtain a lower bound for this problem
using our technique, we cast the problem as a Gaussian
problem in md dimensions, with the parameter space
Θ̃ = Rd × [d]m such that for θ̃ = (θ, k1, · · · , km) ∈
Rd×[d]n we have that g(θ̃) = vec[Rk1θ, . . . , Rkmθ] ∈
Rmd , where vec[·] is as defined in III-B. Thus, setting
n = md we have that P θ̃

Y n = N (g(θ̃), σ2In), which is
the simple Gaussian model we have already studied.
For the loss ℓ̃(θ̃, ˆ̃θ) = 1

m∥g(θ̃) − g(
ˆ̃
θ)∥22, we clearly

have (by (6)) that

ψ(τ, δ) =

√
δ −

√
τ√

2σ2/m
.

Furthermore, note that if C is a τ -cover for Rd under
quadratic loss, then

C̃ = C × [d]m

is a τ -cover for Θ̃ under the loss ℓ̃ . Furthermore, it
can be shown that logMC̃(δ) ≤ logMC(δ) +m log d,
where MC̃(δ) is defined with respect to the loss ℓ̃ and
MC(δ) with respect to the ℓ2 loss on Rd. Thus, using
Theorem II.5, we see that if for all δ′ ≥ δ we have

m

8σ2
(
√
δ′ −

√
τ)2 − d log

√
δ′√
τ
− d ·m log d

d
= Ω(d),

then P θ̃
Y n

[
ℓ̃(θ̃,

ˆ̃
θ(Y n) > δ

]
→d→∞ 0. Using Proposi-

tion III.2 we deduce that there is a C for the quantized
MLE for which P θ̃

Y n

[
ℓ̃(θ̃,

ˆ̃
θ(Y n) > δ∗

]
→d→∞ 0,

where

δ∗ =
32σ2d

m
(log 2 +m

log d

d
). (9)

In the MRA problem, the shifts Rk1
, . . . , Rkm

are
nuisance parameters, and the goal is only to esti-
mate θ up to a cyclic shift under the loss ℓ(θ, θ̂) =
mini∈[d] ∥θ − Riθ̂∥22. Clearly, if we find an estimator
ˆ̃
θ = (θ̂, k̂1, · · · , k̂m) for θ̃ = (θ, k1, · · · , km) with
ℓ̃(θ̃,

ˆ̃
θ) < δ, then also mini∈[d] ∥θ − Riθ̂∥22 < δ.

Thus, δ∗ from (9) upper bounds the minimax risk for
MRA in high dimensions. The main insight from (9)
is that if the number of measurements is not too large,
namely, m = O( d

log d ), the minimax risk of MRA
scales exactly like that of the GLM. On the other hand,
our bound becomes quite useless for m = ω( d

log d ).
While the risk for MRA in high dimensions was

previously studied for a given prior distribution [17] or
in a minimax setting under the assumption of “generic”
signals [18], to the best of our knowledge, this is the
first minimax upper bound for this problem which only
assumes ∥θ∥2 = ee

o(d)

.
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