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Memory Complexity of Estimating Entropy and
Mutual Information

Tomer Berg , Or Ordentlich , and Ofer Shayevitz , Senior Member, IEEE

Abstract—We observe an infinite sequence of independent
identically distributed random variables X1, X2, . . . drawn from
an unknown distribution p over [n], and our goal is to estimate
the entropy H(p) = −E[log p(X)] within an ε-additive error.
To that end, at each time point we are allowed to update a
finite-state machine with S states, using a possibly randomized
but time-invariant rule, where each state of the machine is
assigned an entropy estimate. Our goal is to characterize the
minimax memory complexity S∗ of this problem, which is the
minimal number of states for which the estimation task is feasible
with probability at least 1 − δ asymptotically, uniformly in p.
Specifically, we show that there exist universal constants C1

and C2 such that S∗ ≤ C1 ·
n(log n)4

ε2δ
for ε not too small, and

S∗ ≥ C2 · max
˚

n, log n
ε

	
for ε not too large. The upper bound is

proved using approximate counting to estimate the logarithm of
p, and a finite memory bias estimation machine to estimate the
expectation operation. The lower bound is proved via a reduction
of entropy estimation to uniformity testing. We also apply these
results to derive bounds on the memory complexity of mutual
information estimation.

Index Terms—Memory complexity, sample complexity, entropy
estimation, mutual information estimation, finite memory
algorithms.

I. INTRODUCTION

THE problem of inferring properties of an underlying
distribution given sample access is called statistical

property estimation. A typical setup is as follows: given
independent samples X1, . . . , Xn from an unknown distribution
p, the objective is to estimate a property g(p) (e.g., entropy,
support size, Lp norm, etc.) under some resource limitation.
A prominent example of such a limitation is the amount of
available samples, and this limitation gives rise to the notion
of sample complexity, namely the minimal number of samples
one needs to see in order to estimate g(p) with some given
accuracy. Many real-world machine learning and data analysis
tasks are limited by insufficient samples, and the challenge
of inferring properties of a distribution given a small sample
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size is encountered in a variety of settings, including text
data, customer data, and the study of genetic mutations across
a population. The sample complexity of property estimation
and, specifically, of entropy estimation, have therefore received
much attention in the literature (see Section II for details).

However, in many contemporary settings, collecting enough
samples for accurate estimation is less of a problem, and the
bottleneck shifts to the computational resources available for
the task and, in particular, the available memory size. In this
work, we therefore focus on the problem of estimation under
memory constraints, and, in particular, entropy estimation.
In order to isolate the effect that finite memory has on the
fundamental limits of the problem, we let the number of
samples we process be arbitrarily large.

Formally, the problem is defined as follows. Let ∆n be the
collection of all distributions over [n]. The Shannon entropy
of p ∈ ∆n is H(p) = −

P
x∈[n] p(x) log p(x). Given independent

samples X1, X2, . . . from an unknown p ∈ ∆n, we would like to
accurately estimate H(p) using limited memory. To that end,
an S-state entropy estimator is a finite-state machine with S
states, defined by two functions: The (possibly randomized)
memory update function f : [S ] × [n] → [S ], describing the
transition between states as a function of an input sample, and
the entropy estimate function Ĥ : [S ] → [0, log n], assigning
an entropy estimate to each state. Letting Mt denote the state
of the memory at time t, this finite-state machine evolves
according to the rule:

M0 = sinit, (1)
Mt = f (Mt−1, Xt) ∈ [S ], (2)

for some predetermined initial state sinit ∈ [S ]. If the machine
is stopped at time t, it outputs the estimation Ĥ(Mt). We restrict
the discussion to time-invariant memory update function f,
since storing the time index necessarily incurs a memory cost,
and, furthermore, since the number of samples is unbounded,
simply storing the code generating a time-varying algorithm
may require unbounded memory. We say that an ε-error
occurred at time t if our estimate Ĥ(Mt) is ε-far from the
correct entropy. Our figure of merit for the estimator is taken
to be its worst-case asymptotic ε-error probability:

Pe( f , Ĥ, ε) = sup
p∈∆n

lim sup
t→∞

Pr
�
|Ĥ(Mt) − H(p)| > ε

�
. (3)

We are interested in the minimax memory complexity
S ∗(n, ε, δ), defined as the smallest integer S for which there
exist ( f , Ĥ) such that Pe( f , Ĥ, ε) ≤ δ.
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Our main result is an upper bound on S ∗(n, ε, δ), which
shows that log n

ε2 +o
�
log n

�
bits suffice for entropy estimation

when ε > 10−5, thus improving upon the best known upper
bounds thus far ([1], [2]). While our focus here is on mini-
mizing the memory complexity of the problem in the limit of
infinite number of available samples, we further show that
the estimation algorithm attaining this memory complexity
upper bound only requires Õ(nc) samples, for any c > 1.1

Thus, in entropy estimation one can achieve almost optimal
sample complexity and memory complexity, simultaneously.
Our proposed algorithm approximates the logarithm of p(x),
for a given x ∈ [n], using a Morris counter [3]. The inherent
structure of the Morris counter is particularly suited for
constructing a nearly-unbiased estimator for log p(x), making
it a natural choice for memory efficient entropy estimation. In
order to compute the mean of these estimators, E[ ̂log p(X)],
in a memory efficient manner, a finite-memory bias estima-
tion machine (e.g., [4], [5]) is leveraged for simulating the
expectation operator. The performance of a scheme based on
this high-level idea is analyzed, and yields the following upper
bound on the memory complexity:

Theorem 1: For any c > 1, β > 0, 0 < δ < 1 and ε =

10−5 + β+ ψc(n), we have

S ∗(n, ε, δ) ≤ n
�

8(c log n + 2)4

β2δ
+ 4(c log n + 2)2

�
, (4)

where

ψc(n) = (e + 1)n−(c−1)+vn(1)

+ min
n
1,Cn−

c−1
2 +vn(1/2)

o
+

100(c log n + 2)
nc(1 − 0.5n−c)2

= O
�

2
√

log n · n−
c−1

2

�
, (5)

and we set C = 2(e + 1)108 and vn(α) ,
q

2cα3

log n + α
log n .

Moreover, there is an algorithm that attains (4) when the
number of samples is Ω

�
nc·poly(log n)

δ
· poly(log(1/δ))

�
, and

returns an estimation of H(p) within an ε-additive error with
probability at least 1 − 3δ.

Note that the additive term ψc(n) only becomes negligible
when 108 is much smaller than n−

c−1
2 , thus the regime in

which our results are significant is the asymptotic regime.
Furthermore, while ψc(n) vanishes for large n, our bound is
always limited to ε > 10−5. This small bias is due to inherent
properties of the Morris counter, on which we elaborate in
Section III. As we are more interested in the case where the
entropy grows with the alphabet size n, the limitation of the
attainable additive error to values above 10−5 is typically a very
moderate one for the sizes of n we consider. While attaining
good sample complexity is not the main focus of our work,
we also note that if n is large and ε not too small, one can
choose c arbitrarily close to 1, resulting in an algorithm whose
sample complexity has similar dependence on n as those of
the limited-memory entropy estimation algorithms proposed
in [1] and [2], while requiring less memory states. This
result might be of practical interest for applications in which
memory is a scarcer resource than samples, e.g., a limited

1The Õ suppresses poly-logarithmic terms.

memory high-speed router that leverages entropy estimation
to monitor IP network traffic [6]. Finally, we note that initial
simulation results are more optimistic than the prediction of
the theorem. Specifically, for a uniformly distributed input
over n = 1000 with parameters c = 1.5, β = 0.1, δ = 0.1, the
sample complexity of the algorithm for these parameters, as
prescribed by lemma 12 is L ≈ 4 · 1014. However, by running
the entropy machine for t = 1011 samples, we were able to
obtain an additive error of about 0.15, much smaller than the
infinite sample additive error predicted by Theorem 1, which is
approximately β+min{1,C ·n−1/2}+n−c ·100(c log n+2) ≈ 1.18.
It seems that ψc(n), while negligible for large n, is still
marginally loose.

Furthermore, we derive two lower bounds on the memory
complexity. The first lower bound shows that when H(p) is
close to log n, the memory complexity cannot be too small.
This bound is obtained via a reduction of entropy estimation
to uniformity testing, by noting that thresholding the output of
a good entropy estimation machine around log n can be used
to decide whether p is close to the uniform distribution or not.
The bound then follows from the Ω(n) lower bound of [7] on
uniformity testing. The second lower bound follows from the
observation that, if the number of states is too small, there must
be some value of the entropy at distance greater than ε from all
estimate value hence, for this value of the entropy, our entropy
estimator will be ε-far from the real value with probability 1.
Combining these lower bounds yields the following.

Theorem 2: For any ε > 0, we have

S ∗(n, ε, δ) ≥
log n
2ε

. (6)

Furthermore, if ε < 1
4 ln 2 , then

S ∗(n, ε, δ) ≥ n(1 − 2
√
ε ln 2). (7)

One of several open problems posed by the authors of [1]
is to prove a lower bound on the space requirement of a
sample optimal algorithm for entropy estimation. Theorem 2
answers this question by giving a lower bound on the memory
size needed when the number of samples is infinite, which
clearly also holds for any finite number of samples. In the
concluding section of the paper, we extend our results to the
mutual information estimation problem. Let (X,Y) ∼ pXY ,
where pXY is an unknown distribution over [n] × [m] such
that the marginal distribution of X is pX and the marginal
distribution of Y is pY . The mutual information between X
and Y is given as I(X; Y) = H(X)+H(Y)−H(X,Y). We derive
the following bounds on the memory complexity of mutual
information estimation, namely the minimal number of states
needed to estimate I(X; Y) with additive error at most ε with
probability of at least 1−δ, which we denote as S ∗MI(n,m, ε, δ).

Theorem 3: For any c > 1, β > 0 and ε = 3 · 10−5 + β +

O
�

min
n
2
√

log n · n−
1
2 ·(c−1), 2

√
log m · m−

1
2 ·(c−1)

o�
,

S ∗MI(n,m, ε, δ) ≤ nm
�

288 · (c log nm + 2)6

β2δ

+16(c log nm + 2)4� . (8)
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For ε < 1
12 ln 2 , and if n

log3 n
= Ω(log7 m) and m

log3 m
= Ω(log7 n)

both hold, then

S ∗MI(n,m, ε, δ) = Ω

�
n · m

log3 n · log3 m

�
. (9)

II. RELATED WORK

The study of estimation under memory constraints has
received far less attention then the sample complexity of
statistical estimation. References [8] and [9] studied this
setting for hypothesis testing with finite memory, and [10],
[4] have studied estimating the bias of a coin using a finite
state machine. It has then been largely abandoned, but recently
there has been a revived interest in space-sample trade-offs in
statistical estimation, and many works have addressed different
aspects of the learning under memory constraints problem over
the last few years. See, e.g., [11], [12], [13], [14], [15], [16],
[17], [18], and [19] for a non exhaustive list of recent works.

The problem of estimating the entropy with limited inde-
pendent samples from the distribution has a long history. It
was originally addressed by [20], who suggested the simple
and natural empirical plug-in estimator. This estimator outputs
the entropy of the empirical distribution of the samples, and
its sample complexity [21] is Θ

�
n
ε
+ log2 n

ε2

�
. Reference [21]

showed that the plug-in estimator is always consistent, and the
resulting sample complexity was shown to be linear in n. In
the last two decades, many efforts were made to improve the
bounds on the sample complexity. Paninski [22] and [23] was
the first to prove that it is possible to consistently estimate
the entropy using sublinear sample size. While the scaling of
the minimal sample size of consistent estimation was shown
to be n

log n in the seminal results of [24], [25], the optimal
dependence of the sample size on both n and ε was not
completely resolved until recently. In particular, Ω

�
n

ε log n

�
samples were shown to be necessary, and the best upper bound
on the sample complexity was relied on an estimator based on
linear programming that can achieve an additive error ε using
O
�

n
ε2 log n

�
samples [26]. This gap was partially amended in

[27] by a different estimator, which requires O
�

n
ε log n

�
samples

but is only valid when ε is not too small. The sharp sample
complexity was shown by [28] and [29] to indeed be

Θ

�
n

ε log n
+

log2 n
ε2

�
. (10)

The space-complexity (which is the minimal memory in
bits needed for the algorithm) of estimating the entropy
of the empirical distribution of the data stream is well-
studied for worst-case data streams of a given length, see
[30], [6], and [31]. Reference [32] addressed the problem
of deciding if the entropy of a distribution is above or
beyond than some predefined threshold, using algorithms with
limited memory. The trade-off between sample complexity and
space/communication complexity for the entropy estimation
of a distribution is the subject of a more recent line of
work. The earliest work on the subject is [1], where the
authors constructed an algorithm which is guaranteed to work
with O(n/ε3 · polylog(1/ε)) samples and any memory size

b ≥ 20 log
� n
ε

�
bits (which corresponds to O(n20/ε20) memory

states in our setup). Their upper bound on the sample com-
plexity was later improved by [2] to O(n/ε2 · polylog(1/ε))
with space complexity of O

�
log

� n
ε

��
bits. We note that in

both works above the constant in the space complexity upper
bound can be reduced from 20 to 5 by a careful analysis.
The work of [1] is based on an empirical estimator. Consider
the following simple approach: we draw N samples from the
distribution to approximate p̂x and then take the average of
log(1/p̂x) over R iterations. This approach gives the desired
memory bound, but uses too many samples. To improve the
sample complexity, the authors suggest to partition [0, 1] into
T disjoint intervals, and perform the simple approach above
separately for probabilities within each interval. The essence of
the algorithm is that when pX is large inside the interval, fewer
samples are needed to estimate pX (small N), and if pX is small
inside the interval, fewer iterations are needed (small R). The
algorithm of [2] is based on the observation that Y, the number
of additional draws needed to see x exactly t more times
(where t is an algorithm parameter) is a negative binomial
random variable, Y ∼ NB(t, px). As E(Y) = t/px, taking
log(Y/t) as the estimate of log(1/px), and adding a few more
samples to correct the bias, allows the authors to improve the
sample complexity by a factor of 1/ε. Both of the approaches
above can be referred to as “natural” approaches, i.e., realizing
algorithms that work well for the unconstrained setup in a
memory limited framework. It has been pointed out recently
in [33] that this approach for obtaining upper bounds in a
memory limited scheme can be strictly suboptimal in the large
sample regime. As an example, consider the natural statistic
for estimating the parameter of a coin, which is counting the
number of 1’s in a stream. This results in a quadratic risk
of O(1/

√
S ), as in order to count the number of 1’s in a

stream of length k we must keep a clock that counts to k, thus
overall the number of states used is S = O(k2). However, it is
known from the works of [4] and [5] that the best achievable
quadratic risk is O(1/S ), and it can be achieved by randomized
or deterministic constructions. Unlike the works of [1] and
[2], where the authors try to estimate px by drawing some
related r.v. (Binomial or Negative-Binomial) and then taking
its normalized logarithm, the algorithm we purpose directly
estimates log px by leveraging properties of Morris counters.
This allows our algorithm to save memory, yet it comes at a
price of an added periodic term, inherent to Morris counters,
that can be only bounded by 10−5. Whether this term is a real
bottleneck or an artifact of our algorithm is a topic for further
research.

III. PRELIMINARIES

In this section, we introduce mathematical notations and
some relevant background for the paper.

A. Notation

We write [n] to denote the set {1, . . . , n}, and consider
discrete distributions over [n]. We use the notation pi to denote
the probability of element i in distribution p. When X is
a random variable on [n], pX denotes the random variable
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Fig. 1. The original Morris counter.

obtained by evaluating p in location X. The entropy of p is
defined as H(p) = −

P
x∈[n] px log px = EX∼p(− log pX), where

H(p) = 0 for a single mass distribution and H(p) = log n a uni-
form distribution over [n]. The total variation distance between
distributions p and q is defined as half their `1 distance, i.e.,
dTV(p, q) = 1

2 ||p−q||1 = 1
2

Pn
i=1 |pi−qi|, and their KL (Kullback-

Leibler) divergence is defined as DKL(p||q) =
Pn

i=1 pi log pi
qi

.
Logarithms are taken to base 2.

B. Morris Counter

Suppose one wishes to implement a counter that counts up
to m. Maintaining this counter exactly can be accomplished
using log m bits. In the first example of a non-trivial streaming
algorithm, Morris gave a randomized “approximate counter”,
which allows one to retrieve a constant multiplicative approxi-
mation to m with high probability using only O(log log m) bits
(see [3]). The Morris Counter was later analyzed in more detail
by Flajolet [34], who showed that O(log log m + log(1/ε) +
log(1/δ)) bits of memory are sufficient to return a (1 ± ε)
approximation with success probability 1 − δ. A recent result
of [35] shows that O(log log m + log(1/ε) + log log(1/δ)) bits
suffice for the same task.

The original Morris counter is a random state machine
with the following simple structure (desribed in the algorithm
below): At each state s = 1, 2, 3, . . ., an increment causes the
counter to transition to state s+1 with probability 2−s, and to
remain in state s with probability 1 − 2−s.

Algorithm 1 IncrementMorrisCounter
Input: Previous memory state s
Output: Next memory state s

1: B← Draw from a Bern(2−s)distribution
2: s← s + B

This is formally the discrete time pure birth process of
Figure 1:

The performance of the above counter was characterized by
Flajolet, who proved the following theorem.

Theorem 4 [34]: Let Cm be the value of the Morris counter
after m increments. It holds that

E(Cm) = log m + µ+ g(log m) + φ(m), (11)

where

µ =
γ

ln 2
+

1
2
−

∞X
i=1

1
2i − 1

, (12)

γ = lim
n→∞

 
− log n +

nX
k=1

1
k

!
(Euler’s constant), (13)

g(·) is a periodic function of amplitude less than 10−5,

|φ(m)| ≤ min
�

1, 2
√

16 log m·(log m)4.5

2m

�
and the expectation is over

the randomness of the counter.2

In his paper, Flajolet approximated E(Cm) with the Mellin
integral transform of some function φ related to the marginal
distribution of the counter, and then used Cauchy’s residue
theorem in order to compute the integral. The constant µ arises
from the residual of the function at 0, where it has a double
pole. Thus, if we are interested in approximating log m using
the counter, then using Cm−µ as our approximation guarantees
that on average our additive error will not be more than 10−5+
φ(m), a property that we leverage in our entropy estimation
algorithm.

C. Finite-State Bias Estimation Machine

In the bias estimation problem, we are given access to i.i.d.
samples drawn from the Bern(p) distribution, and we wish to
estimate the value of p under the expected quadratic loss (also
known as mean squared error distortion measure). The S-state
randomized bias estimation algorithm presented below was
purposed by [10], and the Markov chain induced by algorithm
is described in Figure 2.

Algorithm 2 IncrementBiasEstimation
Input: Number of states S, previous memory state s, a sample
X ∼ Bern(p)
Output: Next memory state s, parameter estimate p̂

1: B← Draw from a Bern
� s−1

S−1

�
distribution

2: if X = 1 then
3: s← s + B
4: else
5: s← s − B
6: end if
7: p̂← s−1

S−1

The performance of this algorithm was carefully analyzed
by [4] where it was shown, using the Markov chain tree
theorem, to asymptotically induce a Binomial(S − 1, θ) sta-
tionary distribution on the memory state space, which implies
that E( p̂ − p)2 ≤ O(1/S ). In the same paper, it was further
showed that the machine is order-optimal, by proving a lower
bound of E( p̂ − p)2 ≥ Ω(1/S ) for any finite-state estimator.
For completeness, we provide a simple proof for the MSE
achieved by this construction in the appendix.

Lemma 1: Let p̂(k) = k−1
S−1 be the estimate of p given state

k in the bias estimation machine of Figure 2. Then we have

MSE = lim
t→∞
E( p̂(Mt) − p)2 ≤

1
S − 1

. (14)

IV. UPPER BOUND - ENTROPY ESTIMATION ALGORITHM

In this section we prove Theorem 1, that is, we show the
existence of an S-state randomized entropy estimation machine

2In [34], Flajolet bounded φ(m) with O(m−0.98). Here, we carefully follow
the constants in his derivation and provide an explicit upper bound on the the
error terms, since we are interested in bounds that can be applied for finite
m.
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Fig. 2. Bias estimation machine of [10] (q = 1 − p).

with S ≤ (c+1)4n·(log n)4

β2δ
states that achieves additive error ε of

at most 10−5 + β. The basic idea is to let nature draw some
X from p and use a Morris counter to approximate − log pX ,
then, since we are looking for H(p) = E(− log pX), use a bias
estimation machine to simulate the averaging operation, by
randomly generating coin tosses with bias that is proportionate
to our estimate of − log pX . The bias estimation machine is
incremented whenever a count is concluded in a randomized
clock, which is simulated by another Morris counter. For a
sufficiently large number of samples, this averaging converges
(approximately) to the mean of − log pX , and thus outputs an
approximation to the true underlying entropy. We divide our
presentation to four parts: in the first part we describe the
algorithm; in the second part we count the total number of
states used by the algorithm; in the third part we assume the
bias estimation machine is fed with an infinite number of i.i.d.
samples and analyze the performance of the algorithm; and
in the fourth part we relax this assumption by studying the
mixing time of the Markovian process induced by our bias
estimation machine. This allows us to prove an upper bound
on the number of samples the developed algorithm requires.

A. Description of the Algorithm

1) The algorithm receives an accuracy parameter β > 0
and an overhead parameter c > 1.

2) In each iteration of the algorithm we collect a fresh
sample X ∼ p, and store its value. Assuming the received
sample is x, we proceed to estimate log px based on more
fresh samples using Morris counters.

3) We use two Morris counters - one that approximates a
clock, and one that approximates a count for x values.
• The first counter is randomly incremented whenever

a new sample is observed, and it stops when it
reaches state M = B + 1 states, where B is the
smallest integer k such that dnce ≤ 2k. We denote
the state of this counter as CN . Let N denote the
random time it takes the counter to arrive at state
M. We will show in the sequel that N is expected
to be around dnce (up to small factors), thus this
counter essentially approximates a clock that counts
until dnce samples are observed.

• The second counter is randomly incremented when-
ever x is observed, and it stops when the first counter
reaches state M.
We denote the state of this counter as CNx . We allow
this counter to have 2M states to make sure the

Algorithm 3 Entropy Estimation With Morris Counters
Input: A data stream X1, X2 . . . ∼ p, alphabet size n, run time
t, error probability δ, β > 0,c > 1, constant µ of (12)
Output: Entropy estimate Ĥ

1: Set

B← min{k ∈ N : dnce ≤ 2k}, M ← B + 1
η← Monte Carlo estimate of E(log N)for

N =

M−1X
k=1

τk,where τk ∼ Geo(2−k)

a← 1 −
µ+ η

M
, S bias ←

�
4M2

β2δ

�
+ 1

CN ← 1, CNx ← 1, s← 1

2: for i = 1, . . . , t do
3: if CN = 1 then
4: xtest ← Xi

5: CNx ← 1
6: else
7: CN = IncrementMorrisCounter(CN)
8: if Xi = xtest then
9: CNx ← IncrementMorrisCounter(CNx )

10: end if
11: if CNx < 2M then
12: if CN = M then
13: θNx ← a − CNx−(µ+η)

2M
14: (s, θ̂)← IncrementBiasEstimation(S bias, s, θNx )
15: CN ← 1
16: end if
17: else
18: CN ← 1
19: end if
20: end if
21: end for
22: Ĥ ← 2M(θ̂ − a)

probability it ends before the first counter is suf-
ficiently small. In the event that the counter indeed
reaches state 2M before the first counter, we draw
a fresh sample and initialize both counters. This
counter approximates the logarithm of the number
of observed x values in the length N window.

4) Denoting the number of observed x values in the pre-
vious stage as Nx, we define CNx , CNx − µ − E log N
to be the centralized output of the second counter. As
E(log N) is only a function of n, it can be calculated
offline using Monte-Carlo simulation with the desired
resolution (see Appendix). As we argue below, this is
an almost unbiased estimator for − log px.

5) We now increment a bias estimation machine with
S bias =

l
4M2

β2δ

m
+ 1 states whose purpose is to simulate

the expectation operation. Specifically, each time the
first Morris counter concludes a count, we generate a
Ber(θNx ) random variable, with θNx = a− CNx

2M , and use it
as the input to our bias estimation machine. The offset
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a , 1 − E(log N)+µ
2M guarantees that θNx ∈ [0, 1) with

probability 1, as θNx = 1 − CNx
2M and 1 ≤ CNx ≤ 2M as it

is the output of a Morris counter restricted to 2M states.
Our estimator for the entropy Ĥ is the bias estimate of
the machine, after subtraction of the known offset a and
multiplication by 2M, that is, Ĥ = 2M(θ̂ − a).

B. Number of States in Our Machine

As n, t, β, δ, M, η, a and S bias are program constants, we do
not count them in the memory consumption of the algorithm.
At each time point, our algorithm keeps the value of x, the state
of the Morris counter approximating the clock, the state of the
Morris counter approximating the logarithm of the x counter,
and the state of the bias estimation machine. Thus, the total
number of states is the product of the individual number of
states needed at each step, and recalling that M = B + 1 ≤
c log n + 2, the total number of states is

S = n · M · 2M · S bias

≤ n · 2M2 ·

�
4M2

β2δ
+ 2

�
= n

�
8(c log n + 2)4

β2δ
+ 4(c log n + 2)2

�
. (15)

C. Analysis of the Algorithm for t = ∞

Let X be the fresh sample collected at the start of an
algorithm iteration. Our analysis is based on characterizing the
joint distribution of (N,NX ,CNX ), where N is the number of
observed samples until CN arrives at state M, NX is the number
of times X appeared in the N sample window, and CNX is the
final state of the second counter. We first bound the probability
that N diverges significantly from nc in Lemma 2, and then
apply the result to upper bound E (N−α) in Lemma 3 for any
α ∈ (0, 1]. We proceed to bound the difference between the
expectation of C

∞

Nx
= C∞NX

−µ−E log N and −H(p) in Lemma 4,
where C∞NX

denotes the state of an infinite memory Morris
counter. We show in Lemma 7 that the expected difference
between CNX and C∞NX

is O
�
(log n)/nc

�
, thus proving that

the absolute difference between E(CNx ) and the entropy is
at most ψc(n). Lemma 8 proves that the input to the bias
estimation machine is an i.i.d. sequence of Bernoulli random
variables, with parameter θ that equals to E(CNx ), after scaling
and shifting it to be in the interval (0, 1]. This implies, by
lemma 9, that a judicious linear transformation of the output
of the bias estimation machine is at most β far from E(CNx )
with probability at least 1− δ, thus giving the (ε, δ) guarantee
of Theorem 1.

Lemma 2: For any m ≤ 2` for some 1 ≤ ` ≤ M − 1, it holds
that

Pr(N < m) ≤ e · 2−
1
2 ·(M−`−1)2

. (16)

Furthermore, for any m ≥ α · 4nc, it holds that

Pr(N > m) ≤ 5e−α. (17)

Proof: Let τk be the time it takes to move from state
k to state k + 1 in the first Morris counter and note that

τk ∼ Geo(2−k). Thus, N =
PM−1

k=1 τk. The moment generating
function of τk is

Mτk (s) , E (esτk ) =
1

1 + 2k(e−s − 1)
, (18)

and it is defined for all s < − ln(1 − 2−k). The moment
generating function of N is therefore

MN(s) =

M−1Y
k=1

Mτk (s) =

M−1Y
k=1

1
1 + 2k(e−s − 1)

, (19)

and is defined for all s < − ln(1 − 2−(M−1)) = − ln(1 − 2−B).
We apply Chernoff bound to prove both results. For the first
bound, we have Pr(N < m) ≤ e−sm · MN(s) for any s < 0.
Setting s = − ln(1 + 1/m), we get

Pr(N < m) ≤
�

1 +
1
m

�m

·

M−1Y
k=1

1

1 + 2k

m

(20)

≤ e · 2−
PM−1

k=1 log
�

1+ 2k
m

�
. (21)

As m ≤ 2` for some 1 ≤ ` ≤ M − 1, we have 2k/m ≥ 2k−`, so
we can lower bound the exponent above with

M−1X
k=1

log(1 + 2k−`) =

`−1X
k=0

log(1 + 2−k) +
M−`−1X

k=1

log(1 + 2k)

(22)

≥

M−`−1X
k=1

k (23)

≥
1
2
· (M − ` − 1)2. (24)

For the second bound, we have Pr(N > m) ≤ e−sm ·MN(s) for
any s > 0. Setting s = − ln(1−1/4nc), for which MN(t) is well
defined as 2B ≤ 2nc, we get

Pr(N > m) ≤
�

1 −
1

4nc

�m

·

M−1Y
j=1

1
1 − 2 j

4nc

(25)

≤

�
1 −

1
4nc

�m

·

M−1Y
j=1

1
1 − 2− j (26)

≤ 5 exp
n
−

m
4nc

o
= 5e−α (27)

where in (26) we used the fact that 2 j

4nc ≤
2 j

2T = 2 j−M , and in
(27) we used the bound

QM
j=1(1 − 2− j) ≥ 1

4 +
1

2M+1 , which can
be proved via induction.�

Lemma 3: Let vn(α) ,
q

2cα3

log n +
α

log n . Then for any 0 < α ≤
1, we have that

E
�
N−α

�
≤ (e + 1)n−c·α+vn(α). (28)

Proof: Appealing to Lemma 2, for any 1 ≤ ` ≤ M − 1,m ≤
2`, we have

E(N−α) ≤ Pr(N < m) + m−α · Pr(N ≥ m) (29)

≤ e · 2−
1
2 ·(M−`−1)2

+ 2−`·α. (30)

Setting ` = M − 1 −
˙√

2α · (M − 1)
�

and recalling that nc ≤

2M−1, we get

E(N−α) ≤ e · 2−
1
2 d
√

2α(M−1)e
2
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+ 2−α(M−1)·
�

1− d
√

2α(M−1)e
M−1

�
(31)

≤ e · 2−α(M−1) + 2−α(M−1)·
�

1−
√

2α(M−1)+1
M−1

�
(32)

≤ e · n−c·α + n−c·α+vn(α). (33)

�
According to Theorem 4, the value of the infinite memory

Morris counter after m updates is close to log m in expectation,
up to some small bias. We would like to show that, given N and
NX , the expectation of our counter is close to the expectation
of log(NX), which is the expectation of the logarithm of a
Binomial variable, and that centering and taking the expecta-
tion over (N, X) gives us approximately −H(p). To that end,
we first analyze the algorithm under the assumption that the
second counter is an infinite memory Morris counter, which
we denote as C∞NX

, and then we prove that the expected gap
between C∞NX

and CNX is small.
Lemma 4: Let φc(n) = (e + 1)n−(c−1)+vn(1) +

min
n
1,C · n−

1
2 ·(c−1)+vn(1/2)

o
, where C = 2(e + 1) · 108.

Then

|E(C
∞

Nx
) + H(p)| ≤ 10−5 + φc(n). (34)

Proof: As C∞NX
is the state of the infinite memory Morris

counter, we have that C
∞

Nx
= C∞Nx

− µ − E log N. Given N and
X = x, the number of x observations in the N sample window
is distributed Binomial(N, px). We show that E(C

∞

Nx
) is close

to the expected logarithm of the normalized Binomial random
variable, which then gives us −H(p) plus some bias. From
Theorem 4, we have

E(C
∞

Nx
| X,NX)

= E(C∞NX
− µ − E(log N) | X,NX) (35)

= log NX − E(log N) + g(log NX) + φ(NX). (36)

Note that

E(log NX | X = x) − E(log N)

=

∞X
k=1

Pr(Nx = k) log k −
∞X

m=1

Pr(N = m) log m (37)

=

∞X
m=1

Pr(N = m)
mX

k=1

Pr(Nx = k | N = m) log
k
m

(38)

= E

�
NX

N
| X = x

�
. (39)

Thus, letting γNx = g(log Nx) + φ(Nx), we have

E(C
∞

Nx
| X)

= E

�
log

NX

N
| X
�
+ E(γNX | X) (40)

= log pX + E

�
log

NX

N · pX
| X
�
+ E(γNX | X), (41)

implying E(C
∞

Nx
) = −H(p) + E

�
log NX

N·pX

�
+ E(γNX ). We

conclude the proof by bounding E
�

log NX
N·pX

�
in Lemma 5,

and then bounding E(γNX ) in Lemma 6. �

Lemma 5: It holds that

0 ≤ E
�

log
NX

N · pX

�
≤ (e + 1)n−(c−1)+vn(1). (42)

Proof: We first show that E
�

log NX
N·pX

�
≥ 0. By Jensen’s

inequality and convexity of t 7→ − log(t)

E

�
log

NX

N · pX

�
= EX,N

�
ENX |N,X

�
− log

N · pX

NX

��
(43)

≥ −EX,N

�
log

�
N · pX · ENX |N,X

�
1

NX

���
. (44)

To establish non-negativity of E
�

log NX
N·pX

�
, it therefore suf-

fices to show that ENX |N,X=x

h
1

NX

i
≤ 1

px·N
. To that end, recall

that given X = x and N, we have NX ∼ Bin(N − 1, px) + 1.
Thus, we indeed have

ENX |N,X=x

�
1

NX

�
(45)

=

N−1X
m=0

1
m + 1

 
N − 1

m

!
pm

x (1 − px)N−m−1

=

N−1X
m=0

1
px · N

 
N

m + 1

!
pm+1

x (1 − px)N−m−1

=
1 − (1 − px)N

px · N

≤
1

px · N
. (46)

To upper bound E
�

log NX
N·pX

�
, we use Jensen’s inequality and

the concavity of t 7→ log t, to obtain

ENX |N,X=x

�
log

NX

N · pX

�
≤ log

�
ENX |N,X=x[NX]

N · px

�
(47)

= log
�

1 +
1 − px

N · px

�
≤

1
N · px

. (48)

Thus, overall,

E

�
log

NX

N · pX

�
≤ EN,X

�
1

N · pX

�
(49)

= EX

�
1
pX

�
EN

�
1
N

�
(50)

= n · EN

�
1
N

�
(51)

and appealing to Lemma 3 with α = 1, we have E
h
log NX

N·pX

i
≤

(e + 1)n−(c−1)+vn(1). �
Lemma 6: It holds that

E(γNX ) ≤ 10−5 + min
n
1,C · n−

1
2 ·(c−1)+vn(1/2)

o
. (52)

Proof: Note that E(g(log Nx)) ≤ 10−5 is explicit in Theo-
rem 4 for any x ∈ [n], and in particular, E(g(log NX)) ≤ 10−5.
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Thus, it remains to upper bound E(φ(NX)). It is straightforward
to verify that φ(x) ≤ min

n
1, 2·108

√
x

o
for all x ≥ 1, and

consequently,

E(φ(NX)) ≤ E
�

min
�

1,
2 · 108

√
NX

��
(53)

≤ min

(
1, 2 · 108 E

"s
1

NX

#)
. (54)

From Jensen’s inequality, concavity of t 7→
√

t, and equa-
tion (46),

E

"s
1

NX

#
= EN,X

"
ENX |N,X

"s
1

NX

##
(55)

≤ EN,X

"s
ENX |N,X

�
1

NX

�#
(56)

≤ EN,X

"s
1

pX · N

#

= EN

"r
1
N

#
EX

"s
1
pX

#
. (57)

Note that, again using Jensen’s inequality and concavity of
t 7→

√
t, we have

EX

"s
1
pX

#
=

nX
x=1

√
px ≤ n

vuut1
n

nX
x=1

px =
√

n. (58)

Appealing to Lemma 3 with α = 0.5, we have

E(N−0.5) ≤ (e + 1)n−
c
2 +vn(1/2). (59)

Thus, substituting (58) and (59) into (57) and then into (54),
and recalling that C = 2(e + 1)108, we obtain the claimed
result. �

Lemma 7 below bounds the absolute difference between the
expectation of the Morris counter and the expectation of the
truncated Morris counter of the algorithm by O((log n)/nc).
The proof is relegated to the appendix.

Lemma 7: We have

|E(C∞NX
) − E(CNX )| ≤ n−c ·

100(c log n + 2)
(1 − 0.5n−c)2 (60)

We now turn to analyzing the bias estimation phase of the
algorithm.

Lemma 8: Let YN1 ,YN2 , . . . denote the sequence of Bernoulli
random variables fed to the bias estimation machine. Then

YN1 ,YN2 , . . .
i.i.d.
∼ Bern (θ) , (61)

where θ =
H(p)+b

2M + a and |b| ≤ 10−5 + ψc(n).
Proof: The sequence of samples is i.i.d. since each sample

is a function of the i.i.d. series {Xi}
∞
i=1 and the statistics of the

Morris counters, which are initialized at every incrementation.
Given (X,N,NX ,CNX ) = (x,m, nx,CNx ), we set the Bernoulli
parameter θNx = a− CNx

2M . Thus the unconditioned parameter θ is
a mixture of θNX over the joint distribution of (X,N,NX ,CNX ),
that is,

θ = E(θNX ) = a −
E(CNx )

2M
= a +

H(p) + b
2M

, (62)

where we used Lemma 4 and Lemma 7. �

Lemma 9: We have

Pr(|Ĥ − (H(p) + b)| > β) ≤ δ. (63)

Proof: Recall that Ĥ = 2M(θ̂−a), and that E(θ̂−θ)2 ≤ 1
S bias−1 .

As S bias =
l

4M2

β2δ

m
+ 1, we have

E(Ĥ − (H(p) + b))2 = 4M2 · E(θ̂ − θ)2 ≤ β2δ, (64)

thus, from Chebyshev’s inequality,

Pr(|Ĥ − (H(p) + b)| > β) ≤
E(Ĥ − (H(p) + b))2

β2 ≤ δ. (65)

�
Note that our upper bound on the additive error in estimation

of H(p) is β+ |b| ≤ β+ 10−5 +ψc(n), which limits our results
to estimation error ε > 10−5 + ψc(n).

D. Analysis of the Algorithm for t < ∞

In the previous analysis, the number of observed samples
was assumed to be unbounded. In practice we only need
to observe O(tmix(θ)) samples, where tmix(θ) is the mixing
time of our machine whenever the input is Bern(θ) samples,
i.e., the minimal time it takes for the total variation distance
between the marginal distribution and the limiting distribution
to be small. Lemma 10 and Lemma 11 bound the number of
samples needed at the Morris counting phase and characterize
the mixing time of the bias estimation machine, respectively.
Combining the previous results, Lemma 12 shows that the
total run time of the algorithm needed to obtain an ε additive
approximation of the entropy with probability at least 1 − 3δ
is as prescribed by Theorem 1.

Specifically, recall that the bias estimation machine is only
incremented after an iteration of the first Morris counter is
completed, and the run time of each iteration is a random
variable that is only bounded in expectation. We note that
this in fact implies the existence of a good algorithm that has
a bounded sample complexity; namely, running our entropy
estimation algorithm on L samples is equivalent to running
the bias estimation machine from [10] on a random number
of samples k = k(L) times with θ = E(θNX ). The randomness
in k(L) follows since the runtime Ni of each iteration of
the Morris counter procedure is a random variable. We use
Chernoff’s bound to upper bound the probability that k(L) is
small. This event is considered as an error in our analysis.
We now upper bound the mixing time of the bias estimation
machine from [10]. Whenever k(L) is greater than this mixing
time, the error of our algorithms with L samples is close to
its asymptotic value.

To upper bound the mixing time, we use the coupling
method. Recall that the transition matrix P of a Markov
process {Xt}

∞
t=0 supported on X is a matrix whose elements

are Pr(Xt+1 = x′|Xt = x) = P(x, x′), for any x, x′ ∈ X ×X . We
define a coupling of Markov chains with transition matrix P to
be a process {Xt,Yt}

∞
t=0 with the property that both {Xt}

∞
t=0 and

{Yt}
∞
t=0 are Markov chains with transition matrix P, although

the two chains may be correlated and have different initial
distributions. Given a Markov chain on X with transition
matrix P, a Markovian coupling of two P-chains is a Markov
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chain {Xt,Yt}
∞
t=0 with state space X × X , which satisfies, for

all x, y, x′, y′,

Pr(Xt+1 = x′|Xt = x,Yt = y) = P(x, x′), (66)
Pr(Yt+1 = y′|Xt = x,Yt = y) = P(y, y′). (67)

Let Pt(x0) be the marginal distribution of the chain at time
t when initiated at x0, and let π be the unique stationary
distribution. Define the δ-mixing time as

t∗δ , min{t : dTV(Pt(x0), π) ≤ δ}, (68)

and tmix , t∗1/4. We now show that the bias estimation machine
with S states mixes in Θ(S log S ) time, uniformly for all θ ∈
(0, 1].

Lemma 10: Let tmix(p) denote the mixing time of the
bias estimation machine with S states when the input is
i.i.d. Bern(p), and define the worst-case mixing time to be
t∗ = maxp∈(0,1] tmix(p). Then

ln(2) · (S − 1) log(S − 1) ≤ t∗ ≤ 4S log S . (69)

Proof: The transition probabilities of the bias estimation
machine of Figure 2 are given, for 1 < k < S , as

Xt+1|Xt=k =

8̂<̂
:

k + 1, w.p. S−k
S−1 · p,

k, w.p. k−1
S−1 · p + S−k

S−1 · q,
k − 1, w.p. k−1

S−1 · q,
(70)

and for the extreme states {1, S } as

Xt+1|Xt=1 =

(
2, w.p. p,
1, w.p. q,

(71)

and

Xt+1|Xt=S =

(
S , w.p. p,
S − 1, w.p. q.

(72)

We construct a Markovian coupling in which the two chains
stay together at all times after their first simultaneous visit to
a single state, that is

if Xs = Ysthen Xt = Ytfor all t ≥ s. (73)

The following theorem is due to [36](Theorem 5.4), will give
us an upper bound on the mixing time using this coupling.

Theorem 5: Let {(Xt,Yt)} be a Markovian coupling satisfying
(73), for which X0 = x0 and Y0 = y0. Let τcouple be the
coalescence time of the chains, that is,

τcouple , min{t : Xt = Yt}. (74)

Then
tmix ≤ 4 max

x0,y0∈X
E(τcouple). (75)

Assume w.l.o.g. that x0 < y0 and let Ut be an i.i.d. sequence
drawn according to the Unif(0, 1) distribution. We construct a
coupling on (Xt,Yt) such that, at each time point t < τcouple,
Xt and Yt are incremented in the following manner:

Xt+1|Xt=i =

8̂<̂
:

i + 1, if Ut ≤
S−i
S−1 · p,

i, if S−i
S−1 · p ≤ Ut ≤ 1 − i−1

S−1 · q,
i − 1, if 1 − i−1

S−1 · q ≤ Ut ≤ 1,
(76)

and

Yt+1|Yt= j =

8̂<̂
:

j + 1, if Ut ≤
S− j
S−1 · p,

j, if S− j
S−1 · p ≤ Ut ≤ 1 − j−1

S−1 · q,
j − 1, if 1 − j−1

S−1 · q ≤ Ut ≤ 1.
(77)

One can validate that the transition probabilities are the correct
ones, for example

Pr(Xt+1 = i|Xt = i)

= Pr
�

S − i
S − 1

· p ≤ Ut ≤ 1 −
i − 1
S − 1

· q
�

(78)

= 1 −
i − 1
S − 1

· q −
S − i
S − 1

· p (79)

=
i − 1
S − 1

· p +
S − i
S − 1

· q, (80)

and, similarly, Pr(Yt+1 = j|Yt = j) =
j−1

S−1 · p + S− j
S−1 · q. The

other transition probabilities are easily calculated. Note that
i < j implies S− j

S−1 < S−i
S−1 , thus Yt cannot move right unless

Xt moves right and Xt cannot move left unless Yt moves left.
Moreover, since x0 < y0, we have i < j for all t < τcouple. This
follows from construction, since S−i

S−1 · p is always smaller than
1 − j−1

S−1 · q, implying that Xt cannot jump over Yt when they
are one-state apart. Thus, the distance process Dt , Yt − Xt, is
a non-increasing function of t, with initial state D0 = y0 − x0,
that can only decrease by one unit at a time or stay unchanged.
We have

Pr(Dt+1 = Dt − 1)
= Pr(Xt+1 = Xt + 1,Yt+1 = Yt)
+ Pr(Yt+1 = Yt − 1, Xt+1 = Xt) (81)

= Pr
�

S − Yt

S − 1
· p ≤ Ut ≤

S − Xt

S − 1
· p
�

+ Pr
�

1 −
Yt − 1
S − 1

· q ≤ Ut ≤ 1 −
Xt − 1
S − 1

· q
�

(82)

=
Yt − Xt

S − 1
· p +

Yt − Xt

S − 1
· q (83)

=
Dt

S − 1
. (84)

The expected coupling time is now the expected time it takes
for Dt to decrease from D0 to Dt, thus in order to maximize
it under the given coupling, we need to maximize D0, which
corresponds to setting X0 = 1, y0 = S . For D0 = S −1, consider
the process Mt , D0 −Dt, which is a non-decreasing function
of t that goes from 0 to S − 1 and has Pr(Mt+1 = Mt + 1) =

Pr(Dt+1 = Dt − 1) = Dt
S−1 = 1 − Mt

S−1 . Then this process is no
other than the Coupon Collector process with S − 1 coupons,
and the expected coupling time in our chain in identical to the
expected number of coupons collected until the set contains
all S − 1 types, which according to [36], Proposition 2.3., is

E(τcouple) = (S − 1) ·
S−1X
k=1

1
k

(85)

≤ (S − 1)(ln(S − 1) + 1) (86)
≤ S log(S ). (87)

To show that this upper bound is indeed tight, consider the
case of p = 1. In this case, the chain of Figure 2 is simply the
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Coupon Collector process with S − 1 coupons, thus, letting τ
be the (random) time it takes to collect all coupons, we have

E(τ) = (S − 1) ·
S−1X
k=1

1
k

(88)

≥ ln(2) · (S − 1) log(S − 1). (89)

�
From [36], Eq. (4.34), we have that the δ-mixing time t∗δ

can be upper bounded in terms on the mixing time by

t∗δ ≤
�

log
�

1
δ

��
· tmix. (90)

Set

k = 4
�

log
�

1
δ

���
4(c log n + 2)2

β2δ
+ 1

�
× log

�
4(c log n + 2)2

β2δ
+ 1

�
, (91)

and note that from equation (90), Lemma 10, and substituting
S bias = 4M2

β2δ
+ 1, we have that the δ-mixing time of the bias

estimation machine is at most k. Let N1,N2, . . . ,Nk be the first
k i.i.d. Morris counter running times, which are all distributed
as N in the analysis from Section IV. Lemma 11 uses the
concentration of N to show that, with probability 1 − δ, the
number of samples we need to observe until the bias machine
mixes is not large.

Lemma 11: Let m = 4nc · ln
� 5k
δ

�
. Then

Pr

 
kX

i=1

Ni > k · m

!
≤ δ. (92)

Proof: Appealing to Lemma 2 we have Pr(N > m) ≤
δ/k. Consequently, the probability that at least one of the
random variables N1, . . . ,Nk is greater than m is at most
1 −

�
1 − δ

k

�k
≤ δ. �

We conclude with the following lemma, which connects
Lemma 10 and Lemma 11 to show that our entropy estimator
performs well even if the number of input samples is limited
to Õ(nc/δ).

Lemma 12: Let the algorithm of Theorem 1 run on L = k ·m
samples, and output the estimate ĤML . Then with probability
at least 1 − 3δ, ĤML is within ε-additive error from H(p).

Proof: Lemma 11 implies that, with probability at least 1−δ,
after observing k ·m samples, the bias estimation machine has
been incremented at least k times. Recall that, by definition,
after t ≥ t∗δ increments of the bias estimation machine, we have
that dTV(Pt(x0), π) ≤ δ, and that our S-states entropy estimator
has

P
i∈Ĥε̄

πi < δ, where Ĥε̄ = {i ∈ [S ] : |Ĥi − H(p)| > ε}.
Thus, from a union bound, a fraction of 2δ of the distribution
Pt(x0) (at most) is supported on Ĥε̄. Putting it all together,
we have that a finite-time algorithm that outputs an estimate
Ĥ(ML) after

L = k · m = Ω

�
nc · poly(log n)

δ
· poly(log(1/δ))

�
(93)

will be ε-far from the correct entropy with probability at most
3δ 3. �

V. LOWER BOUNDS

In this section we prove Theorem 2. The Ω(n) bound is
proved via reduction to uniformity testing. For the log n

2ε bound,
we use a simple quantization argument. Assume that S < log n

2ε .
Then there must be two consecutive estimate values Ĥ1, Ĥ2 ∈

[0, log n] such that Ĥ2− Ĥ1 > 2ε. This implies that H = (Ĥ1 +
Ĥ2)/2 has |H − Ĥ1| = |H − Ĥ2| > ε. Thus, for this value of the
entropy, we have Pr(|Ĥ(Mt) − H| > ε) = 1 for all t ∈ N.

A. Proof of the (1 − 2
√
ε ln 2)n Bound

An (ε, δ) uniformity tester can distinguish (with probability
0 < δ < 1/2) between the case where p is uniform and the
case where p is ε-far from uniform in total variation. Assume
we have an (ε, δ) entropy estimator. Then we can obtain an
(ε̃ =

√
ε ln 2, δ) uniformity tester using the following protocol:

the tester declares that p is uniform if Ĥ > log n−ε, and that p
is ε̃-far from uniform if Ĥ < log n− ε. We now argue that this
is indeed an (ε̃, δ) uniformity tester, in which case the (1−2ε̃)n
lower bound will follow immediately from the lower bound
on uniformity testing of [7]. If p = u, where u is the uniform
distribution over [n], then H(p) = log n and Ĥ > log n−ε with
probability at least 1 − δ, so our tester will correctly declare
“uniform” with probability at least 1−δ. If dTV(p, u) >

√
ε ln 2,

then from Pinsker’s inequality ([37], Lemma 11.6.1),

2ε <
2

ln 2
dTV(p, u)2 ≤ D(p||u) = log n − H(p), (94)

which implies H(p) < log n − 2ε and Ĥ < log n − ε with
probability at least 1−δ. Thus, our tester will correctly declare
“far from uniform” with probability at least 1 − δ.

VI. MEMORY COMPLEXITY OF MUTUAL
INFORMATION ESTIMATION

We extend our results to the problem of mutual information
estimation. The upper bound follows by a slight tweaking of
our entropy estimation machine, and the lower bound follows
by noting the close relation between mutual information and
joint entropy, and lower bounding the memory complexity of
the latter.

A. Upper Bound Achieving Algorithm

1) The algorithm receives an accuracy parameter β > 0
and an overhead parameter c > 1.

2) In each iteration of the algorithm we collect a fresh pair
of samples (X,Y) ∈ [n] × [m] according to pXY , and
store their values. Assuming the received sample is x,
we proceed to estimate log(px py/pxy) based on more
fresh samples.

3Note that the probability that the second Morris counter saturates even once
in k iterations is less than O

�
n−c · poly(log n) poly(log(1/δ))

δ

�
, thus is negligible

for any δ � n−c.
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3) We use four Morris counters - one that approximates
a clock, one that approximates a count for x values,
one that approximates a count for y values, and one
that approximates a count for the pair (x, y). The first
of these counters have M = B + 1 states, where B is
the is the smallest integer k such thatd(n · m)ce ≤ 2k.
This counter (denoted as CN) approximates a clock that
counts until d(n · m)ce samples from the distribution are
observed. The second, third and fourth counters run in
parallel to the first one and approximate a counter for x,
a counter for y, and a counter for the pair (x, y), and we
denote their outputs as CNx , CNy and CNxy , respectively.
These counters each have 2M states, to guarantee they
do not exceed the first counter with high probability. In
the event that any of them reaches state 2M before the
first counter, we draw a fresh sample and initialize all
counters.

4) We define CMI = CNx +CNy −CNxy , and let CMI = CMI −

µ−E log N be the centralized version of CMI. This is an
almost unbiased estimator for − log(px py/pxy).

5) We now increment a bias estimation machine with
S bias =

l
36M2

β2δ

m
+ 1 states whose purpose is to simulate

the expectation operation. Specifically, each time the
first Morris counter concludes a count, we generate a
Ber(θNxy ) random variable, with θNxy = a − CMI

6M , and
use it as the input to our bias estimation machine. The
offset a , 4M−E(log N)−µ

6M guarantees that θNxy ∈ [0, 1) with
probability 1, as −2M ≤ CMI ≤ 4M since CNx ,CNy ,CNxy

are the outputs of Morris counters with 2M states.
Our estimator for the mutual information Î is the bias
estimate of the machine, after subtraction of the known
offset a and multiplication by 6M, that is, Î = 6M(θ̂−a).

B. Number of States of Mutual Information Estimator

n,m, t, β, δ, c,M, η, a, and S bias are program constants, so
we do not count them in the memory consumption of the
algorithm. At each time point, our algorithm keeps the value
of a pair (x, y), which requires n · m states, the state of the
Morris counter approximating the clock, the state of the Morris
counter approximating the logarithm of the x counter, and the
state of the bias estimation machine. Thus, the total number of
states is the product of the individual number of states needed
at each step, and recalling that M = B+ 1 ≤ c log nm + 2, the
total number of states is

S ≤ nm · M · (2M)3 ·

�
36M2

β2δ
+ 2

�
= nm

�
288 · (c log nm + 2)6

β2δ
+ 16(c log nm + 2)4

�
. (95)

C. Analysis of the Algorithm for t = ∞

Let (X,Y) be the fresh sample pair collected at the start
of an algorithm iteration. We begin our analysis by showing
that CMI is close in expectation to I(X; Y). Let C∞NX

,C∞NY
and

C∞NXY
denote the corresponding infinite Morris counters. We

first analyze the algorithm for these counters, and then appeal

Algorithm 4 Mutual Information Estimation With Morris
Counters
Input: A data stream (X1,Y1), (X2,Y2) . . . ∼ pXY , alphabet size
n, alphabet size m, run time t, error probability δ, β > 0,c > 1,
constant µ of (12)
Output: Mutual Information estimate Î

1: Set

B← min{k ∈ N : d(nm)ce ≤ 2k}, M ← B + 1
η← Monte Carlo estimate of E(log N)for

N =

M−1X
k=1

τk,where τk ∼ Geo(2−k)

a←
2
3
−
µ+ η

6M
, S bias ←

�
36M2

β2δ

�
+ 1

CN ← 1, CNx ,CNy ,CNxy ← 1, s← 1

2: for i = 1, . . . , t do
3: if CN = 1 then
4: (xtest, ytest)← (Xi,Yi)
5: CNx ,CNy ,CNxy ← 1
6: else
7: CN = IncrementMorrisCounter(CN)
8: if Xi = xtest then
9: CNx ← IncrementMorrisCounter(CNx )

10: if Yi = ytest then
11: CNy ← IncrementMorrisCounter(CNy )
12: CNxy ← IncrementMorrisCounter(CNxy )
13: end if
14: else if Yi = ytest then
15: CNy ← IncrementMorrisCounter(CNy )
16: end if
17: if max{CNx ,CNy ,CNxy < 2M} then
18: if CN = M then
19: CMI ← CNx + CNy −CNxy

20: θNxy ← a − CMI−(µ+η)
6M

21: s← IncrementBiasEstimation(S bias, s, θNxy )
22: CN ← 1
23: end if
24: else
25: CN ← 1
26: end if
27: end if
28: end for
29: θ̂MI ←

s−1
S bias−1

30: Î ← 6M(θ̂MI − a)

to Lemma 7 to bound the deviation of the limited memory
counters used in our algorithm.

Lemma 13: Denote dc(n, α) = n−α(c−1)+vn(α) and let

φc(n,m)
= 2(e + 1) max{dc(n, 1), dc(m, 1)}

+3 min
�
1,C max

�
dc

�
n,

1
2

�
, dc

�
m,

1
2

�
, dc

�
nm,

1
2

���
.

We have

|E(C
∞

MI) + I(X; Y)| ≤ 3 · 10−5 + φc(n,m). (96)
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Proof: Following the proof of Lemma 4, we write

E(C
∞

MI | X,NX)
= E(C∞NX

+ C∞NY
−C∞NXY

− µ − E(log N) | X,NX) (97)
= log NX + log NY − log NXY − E(log N) + γNX|Y , (98)

where γNX|Y = γNX + γNY + γNXY . We then have

E(C
∞

MI | X)

= E

�
log

NXNY/NXY

N
| X
�
+ E(γNX|Y | X) (99)

= log
pX pY

pXY
+ E

�
log

NXNY/NXY

N · pX pY/pXY
| X
�

+ E(γNX | X), (100)

implying E(C
∞

MI) = −I(X; Y) + E
�

log NX NY/NXY
N·pX pY/pXY

�
+ E(γNX|Y ).

Decomposing

E

�
log

NXNY/NXY

N · pX pY/pXY

�
= E

�
log

NX

N · pX

�
+ E

�
log

NY

N · pY

�
− E

�
log

NXY

N · pXY

�
(101)

and applying Lemma 5 to each term separately, we have

− dc(nm, 1) ≤ E
�

log
NXNY/NXY

N · pX pY/pXY

�
(102)

≤ 2(e + 1) max{dc(n, 1), dc(m, 1)}, (103)

and, similarly, recalling Lemma 6, we have that

E(γNX|Y ) ≤ 3 · (10−5

+ min{1,C max{dc(n, 1/2), dc(m, 1/2), dc(nm, 1/2)}}). (104)

This implies that in the counting phase of the algorithm we
obtain an estimate for (minus) the mutual information that has
an average bias bounded from above by

3 · 10−5 + φc(n,m) = 3 · 10−5

+ O
�

min
n
2
√

log n · n−
1
2 ·(c−1), 2

√
log m · m−

1
2 ·(c−1)

o�
.

�
The additive expected error resulting from the truncation of

the Morris counters C∞NX
,C∞NY

and C∞NXY
at state 2M is upper

bounded according to Lemma 7 and the triangle inequality
by 300(c log nm+2)

(nm)c(1−0.5(nm)−c)2 , which is asymptotically negligible w.r.t
φc(n,m). In a similar fashion to Lemma 8, the input sequence
to the bias estimation machine is an i.i.d. sequence with
distribution Bern (θMI), where

θMI = E(θNXY ) = E

�
a −

CMI

6M

�
= a +

I(X; Y) + bMI

6M
. (105)

As we set S bias =
l

36M2

β2δ

m
+ 1 and Î = 6M(θ̂MI − a), we have

E(Î − (I(X; Y) + bMI))2

= 36M2 · E(θ̂MI − θMI)2 ≤ β2δ, (106)

and we obtain the (ε, δ) guarantee from Chebyshev’s inequal-
ity, i.e., Pr(|Î − (I(X; Y) + bMI)| > β) ≤ δ.

D. Lower Bound

For simplicity of proof, let ε, δ ≥ 1
300 , and recall that

ε < 1
12 ln 2 . Our lower bound from Theorem 2 implies that for

joint entropy estimation of H(X,Y) where (X,Y) ∈ [n] × [m],
the memory complexity is Ω(n · m). Assume that we have a
mutual information estimation machine that returns an esti-
mate of I(X; Y) with additive error at most ε with probability
at least 1 − δ using S ∗MI(n,m, ε, δ) states. We show below
an algorithm that uses this machine as a closed box and
estimates H(X,Y) = H(X) + H(Y) − I(X; Y) with additive
error of at most 3ε with probability at least 1 − 3δ using
S ∗MI · O(log3 n · log3 m) states. Since estimation of H(X,Y)
requires S ∗(n · m, 3ε, 3δ) = Ω(n · m), this must imply that

S ∗MI(n,m, ε, δ) > Ω

�
n · m

log3 n · log3 m

�
. (107)

We now describe such an algorithm. The algorithm has 3
modes. It starts in mode 1, in which H(X) is estimated. It then
moves to mode 2, in which H(Y) is estimated, and finally it
moves to mode 3 in which I(X; Y) is estimated. The current
mode is stored using S 1 = 3 states. The estimation of each of
the 3 quantities above is done using

S̃ = max{S ∗(n, ε, δ), S ∗(m, ε, δ), S ∗MI(n,m, ε, δ)} (108)

states. Those states are “reused” once the algorithm switches
its mode of operation. The algorithm is as follows:

1) Start in Mode 1.
2) Increment a Morris counter with S 2 = O(log log n) states

at each observation of X. This counter determines the run
time of mode 1 and we denote it RunModeX.

3) Estimate H(X) using the Morris-counter entropy estima-
tor we introduced in Section IV with S ∗(n, ε, δ) states.

4) As RunModeX arrives at state S 2, save the estimate
Ĥ(X) of H(X) using S 3 = O(log2 n) states.

5) Switch to Mode 2.
6) Increment a Morris counter with S 4 = O(log log m)

states at each observation of Y. This counter determines
the run time of mode 2 and we denote it RunModeY.

7) Estimate H(Y) using the entropy estimator with
S ∗(n, ε, δ) states.

8) As RunModeY arrives at state S 4, save the estimate Ĥ(Y)
of H(Y) using S 5 = O(log2 m) states.

9) Switch to Mode 3.
10) Estimate I(X; Y) using the closed-box machine with

S ∗MI(n,m, ε, δ) states.
11) From this time onward, estimate H(X,Y) as Ĥ(X) +

Ĥ(Y) − Î(X; Y), where Î(X; Y) is the current estimate
of the closed-box machine.

The idea here is that, after a long enough time, the
entropy estimator output will be accurate enough, at which
point we can store that value and switch modes. In order
to decide if enough time has passed, we must ensure that
the bias estimation machine, which outputs our entropy esti-
mates, is sufficiently mixed. From Lemma 10, we have that
the mixing time of the bias estimation machine is at most
4S Bias log S Bias ≤ O(log3 n) samples, as S Bias = O(log2 n)
states. Thus, it suffices to run the machine for logk n samples
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of independent Ber(θ) random variables for k � 1 and then
stop it, which would guarantee it is sufficiently mixed. In
order to save memory we use another Morris counter with
S 2 = O(log logk n) = O(log log n) states that determines when
the mode run ends. We then store the state of the bias
estimation machine, which corresponds to our estimate Ĥ(X)
of H(X), using S 3 = S Bias = O(log2 n) states. At this point,
the algorithm switches to mode 2, and estimates H(Y) with
S ∗(m, ε, δ) states. As in mode 1, we use a Morris counter
of S 4 = O(log log m) states to determine when the machine
is sufficiently mixed and can be stopped, and store the state
of the bias estimation machine, which corresponds to the
estimate Ĥ(Y) of H(Y) this time, using S 5 = O(log2 m) states.
The process then moves to state 3 where I(X; Y) is estimated
using the closed-box machine and, subsequently, the machine
estimates H(X,Y) as Ĥ(X) + Ĥ(Y) − Î(X; Y), where Î(X; Y) is
the current estimate of the closed box machine. All in all,
this algorithm produces a (3ε, 3δ) (recall that we assumed
δ, ε ≥ 1/100) estimate of H(X,Y) using

S ≤ S̃
5Y

i=1

S i = S̃ · O(log3 n · log3 m), (109)

which implies that

S̃ = Ω

�
S

log3 n log3 m

�
(110)

= Ω

�
S ∗(n,m, 3ε, 3δ)

log3 n log3 m

�
(111)

= Ω

�
n · m

log3 n log3 m

�
. (112)

Finally, since Theorem 1 states that S ∗(n, ε, δ) = O(n · log4 n)
and S ∗(m, ε, δ) = O(m · log4 m), and we assumed that n

log3 n
=

Ω(log7 m) and m
log3 m

= Ω(log7 n), we must therefore have that

S ∗MI(n,m, ε, δ) = Ω

�
n · m

log3 n · log3 m

�
. (113)

VII. CONCLUSION AND OPEN PROBLEMS

Due to the limitation ε > 10−5, our upper bound is not
informative when very small additive error is required. Indeed,
the Morris counter seems to be inadequate in these regimes
and, despite many follow up works, we are not aware of an
improved analysis that cancels out the 10−5 term of [34]. A
natural question to ask then is whether this is a true limitation
arising as a result of the bounded memory or an artifact of the
Morris counter. This gives rise to two potential directions for
future research:
• Is there a counting algorithm with the same memory

consumption as the Morris counter that does not suffer
from this bias?

• Can we find an entropy estimator with similar number of
states without this lower bound on the attainable additive
error?

Another interesting research direction is to close the
poly(log n) gap between our upper and lower bounds w.r.t the
dependence on n. It seems plausible to us that the upper bound

is tight,.i.e., that the real dependence on n is n poly(log n), as n
is the minimal number of states needed to save one sample, and
we must save our running entropy estimate as well. One possi-
ble reason for this mismatch between the bounds might be that
our lower bound relies on reduction to the uniformity testing
problem, which does not fully utilize the properties of a finite-
state entropy estimator. In particular, the reduction is from
estimation to binary hypothesis testing (testing uniform vs. ε-
far from uniform), whereas in ε-additive entropy estimation we
effectively have log n

2ε hypotheses. Particularly, it would seem
that the binary test of H(p) = log n vs. H(p) ≤ log n−ε is easier
as there is only one distribution with H(p) = log n (uniform).
Hence, another preliminary approach for lower bounds might
be
• Solve the binary hypothesis testing problem H(p) =

α log n vs. H(p) ≤ α log n − ε for some 0 < α < 1.
As there are many distributions with entropy α log n, and

since solving this problem immediately implies a lower bound
on entropy estimation, this approach might help in improve
upon our lower bound.

APPENDIX

A. Proof of Lemma 1

Let pi, j be the transition probability from state i to state j,
and let πk be the unique stationary distribution of state k ∈ [S ].
We first show that πk = µk, where µk is the Binomial(S − 1, θ)
distribution, that is,

µk =

 
S − 1
k − 1

!
pk−1qS−k. (114)

For brevity, denote BinS
p (k) =

�S−1
k

�
pkqS−k−1. As

�S−1
k−1

�
=

k
S−k

�S−1
k

�
, we have BinS

p (k−1) = BinS
p (k)· k

S−k ·
q
p . Recall that if µ

is the stationary distribution if and only if
PS

i=1 µi pi,k+1 = µk+1
for any k ∈ [S − 1]. Write

SX
i=1

µi pi,k+1

= µk pk,k+1 + µk+1 pk+1,k+1 + µk+2 pk+2,k (115)

= BinS
p (k − 1) ·

S − k
S − 1

p

+ BinS
p (k)

�
k

S − 1
p +

S − (k + 1)
S − 1

q
�

+ BinS
p (k + 1) ·

k + 1
S − 1

q (116)

= BinS
p (k)

�
k

S − k
·

S − k
S − 1

q +
k

S − 1
p

+
S − (k + 1)

S − 1
q +

S − (k + 1)
k + 1

·
k + 1
S − 1

p
�

(117)

= BinS
p (k)(p + q) = µk+1. (118)

Now, due to the Ergodicity of the chain, when the machine is
initiated with Bern(p) samples and run for a long enough time,
eq. (114) implies that Mt −1 is distributed Binomial(S −1, p),
thus the estimate p̂(Mt) has E( p̂(Mt)) = p and E( p̂(Mt)− p)2 =

Var( p̂(Mt)) =
pq

S−1 ≤
1

S−1 .
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B. Monte Carlo Guarantee

Lemma 14: Monte Carlo simulation provides an α-additive
estimation for E(log N) with probability 1 − δ with L =
(c log n+4)2+1

α2δ
samples.

Proof: Firstly, we have

E(N) =

M−1X
k=1

E(τk) =

M−1X
k=1

2k ≤ 2M , (119)

and from Jensen’s inequality E(log N) ≤ logE(N) ≤ M. The
proof follows from the Taylor series expansion of log N.

log N = − log
�

1 −
N − 1

N

�
=

∞X
k=1

1
k

�
N − 1

N

�k

(120)

=

E(N)−1X
k=1

1
k

�
1 −

1
N

�k

+

∞X
k=E(N)

1
k

�
1 −

1
N

�k

(121)

≤

E(N)−1X
k=1

1
k
+

1
E(N)

∞X
k=0

�
1 −

1
N

�k

(122)

≤ log(E(N)) + 1 +
N

E(N)
. (123)

Thus we can write

log2(N) ≤ log2(2E(N))

+
2N

E(N)
· log(2E(N)) +

N2

E2(N)
, (124)

and, taking expectation, we have

E(log2(N))

≤ log2(2E(N)) + 2 log(2E(N)) +
Var(N) + E2(N)

E2(N)
(125)

≤ (M + 1)2 + 2(M + 1) + 2 = (M + 2)2 + 1. (126)

Finally, from Chebyshev’s inequality, we have

Pr

 ˇ̌̌̌
ˇ 1
L

LX
J=1

log(N j) − E(log N)

ˇ̌̌̌
ˇ > α

!
≤

Var(log N)
Lα2 (127)

≤
E(log2(N))

Lα2 (128)

≤
(c log n + 4)2 + 1

Lα2 , (129)

thus taking L =
(c log n+4)2+1

α2δ
achieves the result. �

C. Proof of Lemma 7

From total probability

E(C∞NX
) = Pr(C∞NX

< 2M)E(C∞NX
| C∞NX

< 2M)
+ Pr(C∞NX

≥ 2M)E(C∞NX
| C∞NX

≥ 2M) (130)
= Pr(C∞NX

< 2M)E(CNX )
+ Pr(C∞NX

≥ 2M)E(C∞NX
| C∞NX

≥ 2M), (131)

which implies

E(C∞NX
) − Pr(C∞NX

≥ 2M)E(C∞NX
| C∞NX

≥ 2M)

≤ E(CNX ) ≤
E(C∞NX

)
Pr(C∞NX

< 2M)
. (132)

Note that

Pr(C∞NX
= k | C∞NX

≥ 2M) =
Pr(C∞NX

= k)
Pr(C∞NX

≥ 2M)
(133)

for k ≥ 2M and zero otherwise. Hence,

Pr(C∞NX
≥ 2M)E(C∞NX

| C∞NX
≥ 2M)

=

∞X
k=2M

k Pr(C∞NX
= k). (134)

We thus have the upper bound

|E(CNX ) − E(C∞NX
)| ≤

max

(
∞X

k=2M

k Pr(C∞NX
= k),

E(C∞NX
) Pr(C∞NX

≥ 2M)
Pr(C∞NX

< 2M)

)
. (135)

We first bound the second term. Write

E(C∞NX
) = E(log NX) + µ+ E(γNX ) (136)

≤ log(E(NX)) + µ+ 1 + 10−5 (137)

= log(E(N · pX)) + µ+ 1 + 10−5 (138)
< c log n + 3, (139)

where (136) follows from Theorem 4 and the smoothing
theorem, (137) follows from Lemma 6 and Jensen’s inequality,
and (139) follows as µ ≈ −0.3 and from E(N) =

PM−1
k=1 2k =

2M − 2 ≤ 4nc. Now, note that if C∞NX
≥ 2M after N = m

samples, then the second counter must have moved from
state 2M − 1 to state 2M in less than m steps, implying
that

Pr(C∞NX
≥ 2M | N = m) ≤ m · 2−(2M−1). (140)

Since 2−M ≤ 1/(2nc), we have

Pr(C∞NX
≥ 2M) = E(Pr(C∞NX

≥ 2M | N)) (141)

≤ E(N · 2−(2M−1)) (142)
≤ 2n−c. (143)

Combining the above, we get

E(C∞NX
) Pr(C∞NX

≥ 2M)
Pr(C∞NX

< 2M)
≤

2(c log n + 3)
nc(1 − 2n−c)

. (144)

We now proceed to carefully bound
P∞

k=2M k Pr(C∞NX
= k). For

any X = x we have
∞X

k=2M

k Pr(C∞Nx
= k)

=

∞X
m=1

Pr(N = m)
mX

nx=1

Pr(Nx = nx | N = m)

×
∞X

k=2M

Pr(C∞Nx
= k | N = m,Nx = nx) (145)
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=

∞X
m=1

Pr(N = m)
mX

nx=1

Pr(Nx = nx | N = m)

×
∞X

k=2M

Pr(C∞nx
= k | N = m). (146)

We divide the computation into sample-state blocks, where
each sample block is of length d4nce and each state block is
of length M. Clearly Pr(N ∈ [` · d4nce, (`+1) · d4nce) ≤ Pr(N ≥
` · d4nce), and k ≤ αM in the interval [(α − 1)M, αM). Thus,

∞X
k=2M

k Pr(C∞Nx
= k)

≤

∞X
m=1

Pr(N = m)
mX

nx=1

Pr(Nx = nx | N = m)

×
∞X
α=2

(α+ 1)M max
αM≤k≤(α+1)M

Pr(C∞nx
= k | N = m) (147)

≤

∞X
`=0

Pr(N ≥ ` · d4nce)
∞X
α=2

(α+ 1)M

× max
`·d4nce≤m≤(`+1)·d4nce

1≤nx≤m
αM≤k≤(α+1)M

Pr(C∞nx
= k | N = m). (148)

First, we have from Lemma 2 that Pr(N ≥ ` · d4nce) ≤ 5e−`.
Now, note that if C∞Nx

= k, then the second counter must have
moved from state k − 1 to state k in less than nx steps. Thus
we have

max
`·d4nce≤m≤(`+1)·d4nce

1≤nx≤m
αM≤k≤(α+1)M

Pr(C∞Nx
= k | N = m)

≤ max
`·d4nce≤m≤(`+1)·d4nce

1≤nx≤m
αM≤k≤(α+1)M

nx · 2−(k−1) (149)

≤ max
`·d4nce≤m≤(`+1)·d4nce

αM≤k≤(α+1)M

m · 2−(k−1) (150)

≤(` + 1) · d4nce · 2−(αM−1). (151)

Plugging back the above, we have
∞X

k=2M

k Pr(C∞Nx
= k)

≤ 10M · d4nce

 
∞X
`=0

(` + 1)e−`
! 

∞X
α=2

(α+ 1)2−αM

!
(152)

≤ 10M · d4nce ·
1

(1 − e−1)2 ·
3 · 2−2M

(1 − 2−M)2 (153)

<
100(c log n + 2)
nc(1 − 0.5n−c)2 , (154)

where we used the identity
∞X

n=N1

nqn−1 =
N1qN1−1 − (N1 − 1)qN1

(1 − q)2 <
N1qN1−1

(1 − q)2 . (155)

thus, overall,

|E(CNX ) − E(C∞NX
)| ≤

100(c log n + 2)
nc(1 − 0.5n−c)2 . (156)
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