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Abstract—This paper establishes a dimension-independent up-
per bound on the maximal correlation between Boolean functions
of dependent random variables, in terms of the second and third
singular values in their spectral decomposition, and the anti-
concentration properties of the second singular vectors. This
result has notable consequences, among which are: A strength-
ening of Witsenhausen’s lower bound on the probability of
disagreement between Boolean functions; a Poincaré inequality
for bounded-cardinality functions; and improved lower bounds
on the isoperimetric constant of Markov chains.

I. INTRODUCTION

Studying the probability of disagreement between Boolean
functions of dependent random variables arises as a funda-
mental problem in many mathematical disciplines [1, 2, 3, 4].
Often, the starting point for such a study is relating the
disagreement probability to the correlation between the two
functions. Specifically, for a pair of r.v.s (X,Y), the proba-
bility of disagreement between functions f : X — {0,1} and
g:Y — {0,1} can be lower bounded by [1]

Pr(f(X)#g(Y)) = 2v/p(1 = p)e(1 — q)(1 = p(f,9)), (1)
where p(f, g) is the correlation between f(X) and g(Y'), and
p=Ef(X), g=Eg(Y) are the associated biases.

Since uniform lower bounds are often desired, it is natural
to define the binary maximal correlation between X and Y:

pp(X;Y) £ maxEf(X)g(Y) )

where the maximization is subject to Ef(X) = Eg(Y) =0,
Ef2(X) = Bg(Y) = 1, and [range(f)| = [range(g)| = 2.
Since p(f,g) < pp(X;Y), one can substitute the latter into
(1) to obtain a uniform lower bound on Pr(f(X) # g(Y)).
The special case where f = g is of particular interest, being
intimately related to the isoperimetric problem for Markov
chains. Indeed, if W is a reversible Markov kernel over the
discrete alphabet [K], with invariant distribution p, then the
isoperimetric (Cheeger) constant' of W is [5]
WA mm P £ F)) |
F:[K]—>{-1,1} min(Pr(f(X) = —1),Pr(f(X) = 1))
where (X,Y) ~ p x W. From the discussion above, and

noting that min{p,1 — p} < 2p(1 — p), we see that the
isoperimetric constant is lower bounded by

h(W) =1 —=pp(X;Y), ©)
which in fact can be shown to be tight up to a multiplicative

factor of 2 in some cases, e.g., when W is a lazy reversible
kernel and g is uniform [6].

UIn the literature, the Cheeger constant is usually defined as h(W)/2.
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However, while the binary maximal correlation is clearly
an interesting quantity to study, its finite cardinality constraint
makes it difficult to estimate for large alphabets. In particular,
it is not stable under tensor products, hence cannot be easily
computed even in the simpler i.i.d. case,> which is often of
much interest. These problems are typically circumvented by
removing the cardinality constraint, and replacing p,(X;Y)
with the Hirschfeld-Gebelein-Rényi maximal correlation:

pn(X.Y) & maxE[f(X)g(Y),

where the maximization is subject to Ef(X)=Eg(Y)=0 and
Ef?(X) = Eg*(Y) =1 only. Unlike its binary counterpart,
maximal correlation is easily computable via spectral meth-
ods, being equal to the second singular value in the spectral
decomposition of the joint distribution. It is also stable under
tensor products, in the sense that p,,, (X", Y™) = p,,,(X,Y)
for i.i.d. pairs (X", Y™) ~ P27 [1]. These properties make
maximal correlation very useful, especially in high dimension.
For example, inequality (1) together with tensorization,
immediately imply Witsenhausen’s lower bound [1]:

Pr(f(X™) # g(Y"™)) > 2¢/p(1 = p)g(1 — q)(1 — pm (X, 1(2))

One can further use this to derive the famous isoperimetric
inequality [3] h(W™) > n~1(1 — p,.(X;Y)), where W™ is
the n-fold Cartesian product of W (defined in Section IV-C).

In this paper, we derive an upper bound on the binary
maximal correlation, using spectral methods combined with
anti-concentration techniques. In particular, our bound de-
pends on the second and third singular values in the spectral
decomposition, as well as on the concentration function of the
singular vectors pertaining to the functions attaining the max-
imal correlation. More importantly, we derive a dimension-
independent version of our bound, by estimating the concen-
tration function of scaled tensor products of the aforemen-
tioned singular vectors. Our bounds are easy to compute, and
are always at least as good, and typically improve upon, the
trivial upper bound py(X™;Y™) < pp(X;Y).

These results have several notable consequences described
in this paper: A strengthening of Witsenhausen’s lower
bound (4) on the probability of disagreement between Boolean
functions; a dimension-independent Poincaré inequality for
bounded-cardinality functions over reversible semigroups; and
improved lower bounds on the isoperimetric (Cheeger) con-

>Witsenhausen [1] hinted that p; might not generally tensorize. An un-
published manuscript [7] suggested that it does, but, unfortunately, the proof
of [7, Theorem 2] contains a subtle error. Bradley [8] gave a counterexample
confirming that p; indeed does not tenzorize.
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stant of reversible Markov chains, with a version that is stable
under Cartesian products.

II. PRELIMINARIES
A. Maximal correlation with cardinality constraints

While we are mostly interested in the binary maximal
correlation, we will prove our results in a more general setting
where the functions f and g are restricted to output one of
M and N distinct values, respectively. To that end, we define
the (M, N)-quantized maximal correlation to be

pMN) (X y) & rrflsz[f(X)g(Y)],

where the maximization is subject to Ef(X) = Fg(X) =0,
BJ2(X) = Bg*(X) = 1, lrange(/)| < M and Jrange(g)| <
N. Note that p,(X;Y) = p2?(X;Y), and pls™ (X, Y) =
pm(X;Y). We also write p,(ﬂ M>(X,Y) for the one-sided
quantized maximal correlation, where there is no restriction
on the cardinality of X.

B. Spectral decomposition of joint distributions

Let (X,Y) ~ Pxy. It is known [9] (see also [10]) that
under some mild regularity conditions there are (possibly
countably infinite) orthonormal sets of singular functions
{fi+ & - R};>1 and {g; : Y — R},>1 spanning L?(Px)
and L?(Py) respectively, satisfying®

E[fi(X) f;(X)] = Elg:(Y)g; (Y)] = 1(i = j)
E[fi(X)g;(Y)] = oi1(i = j),
for nonnegative singular values 1 = o; > 09 > ---, where
f1 = g1 =1and oy = p,,,(X;Y). For finite alphabets, o; = 0
for any i > min{|X|,|Y|}, and f; = g; = 0 for any ¢ > |X|
and 7 > ||

Let (X", Y") ~ P%j. Then for any vector in u =

(u1,...,upn) € N, define the functions
H 9u: (Y,

") =[] fu (X0,
i=1

It is immediate to verify that { f,, },en» and { gu}ueNn are or-
thonormal sets that span L?(P3™) and L?(Py™) respectively,
and furthermore,

H Oul

where o, = [[/_, ou,. Therefore, any two functions f €
L2(PZ™) and g € L?(PZ"™) can be written as

gu(Y")

E[fu(X™)gu(Y™)] =) = o, 1(u =v),

FX™) = Y0 aufu(X™), g(¥™) = D7 bugu(Y™),
ueN™ weN™
such that
E[f(Xn)g(Yn)] = Z Ay by oy )]
ueNn?

It is now easy to see that p,,(X™;Y") = pn(X;Y) = o9,
and also that the scalar functions f2(X}), g2(Y%) achieve the
maximal correlation for any k.

3These orthonormal sets exist for any joint distribution with finite x2-
information. In particular, this always holds for discrete alphabets, in which
case the expansion corresponds to the standard singular value decomposition

of the matrix with entries Pxy (z,y)/v/Px (z) Py (y).

C. Anti-concentration

The concentration function of an r.v. X is defined as

Q(X,t) ZsupPr(a< X <a+t), t>0.
a€R

An anti-concentration inequality is an upper bound on
Q(X,t), indicating that X is not too concentrated in any
interval. Such inequalities will play a central role in our
proofs, essentially since a gap between p,, and p; can often
be attributed to the fact that the functions fs, go achieving p,,
are far from being concentrated on only two values.

Throughout the paper, we make use of the following simple
properties of Q(X,¢) [11]: 1) t — Q(X,t) is non-decreasing;
2) Q(aX,t) = Q(X,t/a) for any o > 0; and 3) if X and V'
are independent, then

QX +Y,t) <min{Q(X, 1), Q(Y,1)}. (©)

Since we are interested in dimension-independent bounds,
and since the maximal correlation in n dimensions can be
attained by any linear combination of the scalar functions
f2, g2 applied to the coordinates, we are particularly interested
in anti-concentration inequalities for weighted sums of i.i.d.
r.vs. To that end, we introduce the following quantities. First,
we define the n-fold concentration function of X to be

An(X, 1) 2 (Z a; X, t) )
aER" HaHQ 1

where X1,..., X, are i.i.d copies of X. Then, we define the
asymptotic concentration function of X to be

A(X,t) & lim A, (X,1), )

where the limit exists since A, (X,t) is non-decreasing in n.
Upper-bounding A, (X,¢) is closely related to the
Littlewood-Offord problem [12, 13], which is concerned with
the maximal possible value of Q> a;X;,t) for t = 0,
where X, are ii.d Ber(1/2) and |a;| > 1. This problem
and its variations have been extensively studied in additive
combinatorics [14]. Here however we are mostly interested in
the moderate ¢ regime. Furthermore, several works considered
bounding A(X,t) as a function of Q(X;,t) and related quan-
tities, e.g., by Kolmogorov-Rogozin [15, 16] and Esseen [17].
One such bound is due to [18, Corollary 1.4] and yields
An(Xa t) < ClQ(X7t/2)a (9)
where C; = $24,/2.
For the purpose of this paper, we will rely both on (9),
as well as on a bound of a different flavor that we establish
based on [17]: Let X* = X — X’ be the symmetrized version

of X, where X’ is an independent copy of X. For any ¢ > 0,
define

D(X,t) £ Emin (X?/t,1),
where D(X,0) = Pr(X #0).
Lemma 1. Let t, 2 Q(X,7)\/D(X*;7)Cy ‘7, where Cy =
(96/95)2/487 /11 ~ 3.7809. Then
An (X, tr) S A(X tr) < Q(X, 7).

The proof for Lemma 1 appears in section V.

(10)

(1)

III. MAIN TECHNICAL RESULTS

Let (X,Y) ~ Pxy, and let fo(z) and g2(y) be the singular
functions that attain g, where o2 = p,(X;Y) and o3
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are respectively the second-largest and third-largest singular
values in the decomposition of Pxy. We define the gap
between these singular values as

A £ 02 — max{o3,05}.
Note that A > 0 if and only if 03 < 09 < 1. Let

n t?
oY (X) £ max - [1 = M- Ay (X, 1) (12)

4
be the anti-concentration coefficient of X in dimension n,
where |z|; £ max{z,0}. For any a,b € [0, 1], define

d(a,b) = max ryoe++/(1—22)(1—y?) max{o3, 03} (13)

|z|<a,ly|<b
Theorem 1. Let fo = fo(X) and go = g2(Y'). Then
PN (X vy < d (11405 ()7 E 11+ 03 (92)7H).
In particular,
0P ()
L+ 037 (f2)
Remark 1. In one dimension, Theorem 1, as well as its

corollaries and applications, all hold in a stronger form:
For n = 1, one should use A = 03 — o2 and d(a,b) £

max xzy  xyoe++/(1—x2)(1—y?)os. This will become

|z|<a,|y|<b o
clear from the proof. For the sake of simplicity, however, we

ignore this refinement when stating the results, and proceed
with the general definitions of A and d(a,b).

1 .00 n ny |2
PN (X™ Y™ < o (XY

The proof consists of two parts: First, we establish that
Ef(X™)g(Y"™) < d(hg,hy) for general functions f and
g, where h, is the projection of the function f(X™) onto
the n-dimensional subspace pertaining to p.,,(X;Y’), and
hy is the respective projection of g(Y™). Second, we show
that bounded cardinality functions cannot generally have a
large projections on these subspaces, unless f2(X), g2(Y') are
already very concentrated.

For specific distributions (e.g., Gaussian), one could some-
times either compute or easily upper bound A, (X,t) (or
A(X,t)) to obtain a dimension-independent result.

Example 1 (Gaussian case). Let (X,Y) be a standard
p-correlated jointly Gaussian pair. The associated singular
functions are the normalized Hermite polynomials, where
fo(z) = z,92(y) = y. Also, 09 = p and o3 = p>. Since
Gaussians are closed under convolution, we can compute the
asymptotic concentration function, and Theorem 1 yields

(X Y") < 0.9418p + (1 —0.9418)p%.  (14)

which is significantly tighter than the trivial pp(X™;Y™) < p.
It is however well-known that the Gaussian binary maximal
correlation tensorizes, and achieved by some 1-dim threshold
Sfunctions [2]. In particular, this implies that p,(X";Y™) =
%,0 + O(p?), which is stronger than our bound for small p.

Theorem 1 is dependent on 6 (X) and is therefore not
computable for large n in general. This can be addressed by
applying either (9) or Lemma 1. Define

0 (X)2max 2 [1 = MCy-Q(X.0)], . (15)

where C; = 124/2. By (9) we have that 0(")( X) > ngvlj) (X),

independent of n. Similarly, define

My (X) & mtax@cz (XH)DXT1-MQ(X. )]+ (16)
where Cy = (96/95)24/487/11 ~ 3.7809. By Lemma 1 we

have that Hg\?(X ) 27]1(\?()( ), independent of n.
We will proceed using the coefficient
1 2
e (X) £ max{n{y (X), 7 (X)}. (17)
Similarly, any other bound of the ag)proprlate nature may be
used in addition to 77§v1) (X) and n,,/ (X).
Corollary 1 (Dimension-independent bound). It holds that
_1 _1
PN (XY™ <d (|1 +nm (f2)172, 1+ 1w (g2)] 2) ;
N (fa)
L+ (f2)

The bounds above are nontrivial if A > 0, and fo(X) (or
92(Y), if relevant) has no mass points with probability > 1/M
(or > 1/N, respectively), as is often the case.

1,00 n n 2

IV. APPLICATIONS
A. Improved lower bound on the probability of disagreement

Corollary 1 immediately translates to the following im-
provement of (4) (and therefore of [1, Theorem 2]):

Pr(f(X™)#g(Y™) > 2y/p(1 —p)g(1 —q) - (1 — d*)
where d* = d (|14 ma(f2) 4, 1+ ma(92)| ).

B. A Finite-Cardinality Poincaré inequality

Let P, be a reversible Markov semigroup with generator L,
and unique invariant distribution p. The associated Dirichlet
form is given by [19]

E(f) = ={f L) (18)
For simplicity, we assume that the Dirichlet form above exists
for any f € L%(u1) (which is true in the discrete case). The
Poincaré constant of cardinality M of P; is defined to be

CuP) e sy Vol)

f:2<|range(f)|<M 5(f)
and so a Poincaré inequality Var,(f) < Cas - £(f) holds for
all functions f with cardinality at most M. The case Cwo (P;)
corresponds to the standard Poincaré inequality.

Let X, be the stationary Markov process generated by P,
with Xo ~ p, i.e., where E(f(X})|Xo = z) = P, f(x). It is
well-known that

19)

}in(l) t7110g prmax (Xo; Xi) = —1/Co0 (Py). (20)
o
Similarly, it is easy to show that
lim t~1log pM) (Xo; X)) = —1/Car(P). 1)
—

Let {—Ak}r>0 be the eigenvalues of the generator £, where
A1 = 0 and A; < Ag41. Due to reversibility, we can expand
L = U*diag({—Mx})U, where U is a unitary operator w.r.t.
(s ) 1.e., U*U = Id, where U* is the adjoint of U. Since
P, = et = U*diag({e MU =~ U*diag({1 — Mt U =
Id — U*diag({\xt})U for small ¢, the eigenvalues of P,
are roughly 1 — Agt. Therefore, —flogpmaX(Xo,Xt) ~
—+log(1 — tA1) &~ A1, and we conclude that Coo = AT !
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as is well known. For the finite-cardinality case, we can use
our new anti-concentration result to obtain, for small ¢,

— (1/t) - log pM) (Xo; X,)

)
2 (/1) log [1— 10 — M tmin(220, M) — Ay)
1+ egw)
9(1)
~ A+ s (min(2M0, ) = A1)
L+ 0y,

This immediately implies the following.

Theorem 2 (bounded-cardinality Poincaré inequalities).

-1
9(1)
Cj\/[(Pt) S ()\1 =+ i(l) . (min(2)\1, )\2) — )\1) s
1+6
M
-1
Cu(PE™) < ()\1 —+ LA (min(2\1, \g) — )\1)>
14+ nu

where 95&1) and np; are the one-dimensional (12) and
dimension-independent (17) anti-concentration coefficients of
the rv. induced by i over the second eigenfunction of L.

Note that C), is usually strictly smaller than C, and that
the cardinality-)M Poincaré constant does not tensorize, i.e.,
Cr(PE™) > Ca(Py) is possible.

C. A new isoperimetric inequality

Let W be a discrete-alphabet reversible Markov kernel over
[K]x [K] with a unique invariant distribution x. Let (X,Y") ~
1 x W. The isopermietric coefficient of W is
WA i DU ) |

FIKI= (=11} min(Pr(f(X) = 1), Pr(f(X) = 1))
The Cartesian product channel W™ over [K]™ x [K]™ picks a
single coordinate uniformly at random, and passes it through
W. Namely, for the input 2", we have Y; ~ W(:|x ) for
J ~ Uniform([K]), and Y; = z; for all j # J. We are
interested in lower bounds on A(W™). It is known [20, 21]
that

R(W™) > n~ ' max (h(W)/2,\1), (22)
where Ay = A\(L) is the first nonzero eigenvalue of the
Laplacian operator L = Id—W. We now show that this bound
can sometimes be improved using spectral methods.

Theorem 3 (isoperimetric inequalities). Ler {\}72, be the
eigenvalues of L = |d — W, in increasing order. Then

9(1)

W) > A + —2

—2—— . (min(2A1, A2) — A1), (23)
1+ 65"
e 1 2 .
(W) 2 2 A+ - (min@2ha, 20) = M) |- (24)

where 95\}[) and np; are the one-dimensional (12) and
dimension-independent (17) anti-concentration coefficients of
the r.v. induced by i over the second eigenfunction of L.

Proof. Since the invariant distribution is not necessarily uni-
form, it is more convenient to work with linear operators
rather than matrices, over the inner-product space induced by
(-,-)u- Let P be the conditional expectation operator induced
by the channel W, namely Pf(z) = E(f(Y)|X = z).

Then W and P have the same eigenvalues due to operator
similarity, and by reversibility are self-adjoint w.rt. (-,-),.
Now, consider the discrete semigroup P, generated by the
operator £ = P — Id, which (since LTy = 0) has p as the
invariant distribution. Note that — (L) = A\g(L) £ Ag.

Since £ is self-adjoint, we can write L =
U*diag({—Mt})U where the operator U is unitary
wrt. (), le, UU = |Id. The semigroup P,
generated by L is then given by the operator exponent
P, = eft = U*diag({e ***})U. Note that for small t,
P, ~ U*diag({1 — M\kt})U = Id +¢t£L = (1 — ¢)ld + ¢ P, and
hence the induced channel is (1 — ¢)ld + tW.

The Dirichlet form associated with P; is given by

E(f)=—(f, LS)u (25)
=(f,(ld=P)f)y (26)
=Ef*(X) - E(f(X)E(f(Y)|X)) 27
=Ef*(X) —E(f(X)f(Y)). (28)

For a Boolean f : [K] — {—1, 1}, this yields
E(f) =11 =2Pr(f(X)#f(Y))) = 2Pr(f(X) # [(Y)).

Also, we have that

Var, (f) = 4Pr(f(X) = 1) - Pr(f(X) = ~1) (29)
> 2min(Pr(f(X) =1),Pr(f(X) =-1)). (30)

Hence, (23) now follows using Theorem 2 and
h(W) > £(1) L 3D

min = .
T pEl={-11} Var,(f)  Ca(P)

Now let P®™ be n independent copies of P;, and let &
be the Dirichlet form operating on the kth copy only, with
all else kept fixed. It is known that £(f) = E (> _, Ek(f)).
and for a Boolean f : [K]™ — {—1,1} this yields

E(f) = 20 (Pr(f(X") £ [(Y")1, X)) ()

= 2nPr(f(X") # f(Y™)), (33)

where X% is the vector X™ without its kth coordinate, and
where Y™ is obtained from X" via the Cartesian product
channel W™ defined previouslly. Hence, as in (31), (24) now
follows from h(W") > A (P and Theorem 2. O
Example 2. Consider the kernel W(ylz) = ((z + y
mod 3) 4+ 1)/6 over {0,1,2}, which is reversible with a
uniform invariant distribution. It is easy to check that 1 =
h(W) > Ay =~ 0.7113. Theorem 3 gives the improvements
h(W)>A1+0.637-1072, and h(W™) > (A\;+0.334-107%) /n.

V. PROOFS
A. Proof of Theorem 1

In product space, the singular values in descending order
are 1,09,...,09, max{03,02},...,max{o3,03},..., where
the n occurrences of oy correspond to the n singular functions
fu(i) (Xn) = fQ(XZ) and Gu () (Yn) = 92(}/;'), for 1 S 7 S n,
where u( has its i-th coordinate equal to 2 and all other
entries equal to 1. Therefore, any function f € L?(Pg") can

be written as

fam) = (") + 6 (2") (34
where ¢(z") = Y7 a;f2(x;) is the projection of f
onto the n-dimensional subspace pertaining to o, i.e
E¢(X™)p, (X™) = 0. Similarly, any function g € L?(PZ"™)
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can be written as g(y") = v(y") + vi(y =
S biga(y;) and Ev(Y™)vy (Y™) = 0.

From this point onward, we assume that f(X"™) and
g(Y™) are unbiased, unit variance functions. By (5) and the
Cauchy-Schwarz inequality, it is clear that

EQ(X")y(Y") < 02 /EG(XM)EV2(Y™).  (35)
Moreover, since ¢, (X™) and v, (Y") are orthogonal to the
subspace corresponding to o7 and o3, we have

EdL (X" (Y") < 0y /B2 (Xn)EL2 (Y7)

= 0.1~ EG2(X")(1 ~ B2(Y™),

0. = max{oz,0%}. Finally, since E¢(X™)v) (Y") =
E¢, (X™)v(Y™) =0, we conclude that

Ef(X")g(Y") < o2/EG?(X™)Ev2(Y")
+0./(1 —Eg2(Xn))(1 — Ev2(Y™)).  (36)

If f(X™) and g(Y™) are such that E¢?(X™) < h2 and

Ev?(Y™) < h2, inequality (36) is further upper bounded by
Ef(X™)g(Y") < d(hs, hy), (37
where d(a,b) is defined in (13).

In general, (37) always holds with h, = h, = 1, in which
case it collapses to Ef(X™)g(Y") < pn(X;Y). However,
the next Lemma shows that for M-valued functions, E¢?(X™)
and Ev2(Y™) have non trivial upper bounds.

Lemma 2. Let f : X" — {mq,...,mp} be with Ef(X") =
0 and Ef?(X™) = 1. Write

FX™) = o(X™) + o1 (X"),
where ¢(X™) and ¢ (X™) are as previously defined. Then

2 n : 1
E¢p“(X") < mt1n1+ % 1 —M-An(fg(X),t)|+. (38)

Proof. Denote E¢?(X") = ||¢||?. We have
1—[|g]]* = E¢1 (X™) = E(p(X") - f(X™))?
> Pr(|¢(X") = f(X™)] > 1/2) - (t/2)°
= (1= Pr(jo(X") - fF(X")] < t/2)) - 2/4

> (1 —Pr (¢(X”) e [ Jomi —t/2,m; + t/2)>> t2 /4

> (1 fiPr (o(X

>(1—M1naxPr(q5( ") (aa+t))>~t2/4

= (1= MQ(&(X™),1)) - £*/4. (39)
Recall Q(aX,t) = Q(X,t/a) and write t = ||¢||7. Then

™), where v(y™)

myg t/2,mi+t/2))> ’t2/4

(1= MQ(H(X™), llgllr)) [lol|*r* /4

= (1 a0 (pocenr) ) oliet 4

> (1= M- An(f2(X), 7)) [|g][*7? /4.
Rearranging, we have

lloll* < [1+

1— gl >

1

(1= M- An(fo2(X), 7)) 72/4]

and Lemma 2 follows since above holds for any 7. O

Substituting the bound from Lemma 2 in (37), we see
(MN)(Xmym) < d(hag, hy). where h2, is upper-

that pn,
bounded by the rh.s. of (38), and A2, is similarly upper

bounded using the corresponding N and 92(Y). Similarly,
pl M) (xniyny < d(har, 1), where h%; is upper bounded
by the rh S. of (38). A simple computation yields d(a,1) =
Voi— 02)(1—a?), concluding the proof of Theorem 1.
B. Proof of Lemma 1

We need the following anti-concentration inequality.

Theorem 4 ([17]). Let S = X3 + ... + X, for i.id.

Xi,...,X,. Then for any 0 < ty,...,t, <t, it holds that
Ct
Q(S.1) < R
Zz 1 tl D(X )
For some positive constant C  no larger than

(96/95)2/487 /11 = 3.7809, where X* is the symmetrized
r.v. corresponding to X, and D(X,t) is defined in (10).

Now, let a € R" with ||a||z = 1. By Theorem 4

Ct
@) = ¢211th X))
Ct
Na lth al (X0 5t) /S BD(X k)

Without losing generality, assume that |a1| > |a;|, 1 < i < n.
Pick t; = t|a;|/c for some ¢ > |az], then

Ct
@ () < VI (a2 D(x )

=C-c/y/D(X*;t/c). (40)
Next, let t, = ¢ -7 for ¢ = C71Q(X,7)y/D(X*;7) and

some 7 > 0. Note that this choice does not necessarily satisfy
¢ > |ay|, which is a necessary condition in Theorem 4. But
if ¢ > |ay| nevertheless, then Theorem 4 and (40) give

Q (Y aiXit:) < QX,7). @1)

If however ¢ < |ay|, a different argument applies: Consider
the concentration of the random variable |a;|X;. A conse-
quence of inequality (6) is that Q (3> a; X;,t) < Q(|a1] X, t).
Furthermore, by our assumption that ¢ < |a;| we have

t t

and thus, under the same choice of ¢, = c- 7, we get (41)
again. We therefore conclude that (41) holds whether or not
¢ > |ay|, where t, = Q(X,7)y/D(X*;7)C~'7. This holds
for any a € R™ with ||al|z = 1, hence A4,, (X, t,) < Q(X, 7).
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