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The Strong Data Processing Inequality
Under the Heat Flow

Bo’az Klartag

Abstract—Let v and p be probability distributions on R”,
and v, u; be their evolution under the heat flow, that is, the
probability distributions resulting from convolving their density
with the density of an isotropic Gaussian random vector with
variance s in each entry. This paper studies the rate of decay
of s = D(vlu;) for various divergences, including the 2
and Kullback-Leibler (KL) divergences. We prove upper and
lower bounds on the strong data-processing inequality (SDPI)
coefficients corresponding to the source y and the Gaussian
channel. We also prove generalizations of de Bruijn’s identity,
and Costa’s result on the concavity in s of the differential entropy
of v,. As a byproduct of our analysis, we obtain new lower bounds
on the mutual information between X and Y = X + +sZ, where
Z is a standard Gaussian vector in R”, independent of X, and on
the minimum mean-square error (MMSE) in estimating X from
Y, in terms of the Poincaré constant of X.

Index Terms—Strong data processing inequality (SDPI), max-
imal correlation, additive white Gaussian noise channel, de
Bruijn’s identity.

I. INTRODUCTION
OR two probability distributions v and p on R”, where v
is absolutely continuous with respect to i, and a smooth,
convex function ¢ : (0,00) — R with ¢(1) = 0, the ¢-
divergence [18] is defined as

d
D,(lu) = E, [cp (d—;)} : (1)

where ¢(0) = lim,_o+ ¢(?). Let Z ~ N(0,1d) be a standard
Gaussian random variable in R”. For s > 0, denote by v, the
probability distribution of the random variable ¥ = X + +/sZ
when X ~ v is independent of Z. Similarly, write u; for the
probability distribution of ¥ when X ~ yu is independent of Z.
By the data-processing inequality [18], [40] for ¢-divergences,
we have that
s 5 Dy(villus)

is non-increasing in s > 0. The goal of this paper is to

provide estimates on the rate of decay of s — Dy(villu,) as a
function of u and uniformly over the measure v. We stress that
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here both measures evolve according to the heat flow. This is
in contrast to prior work that analyzed the evolution of the
entropy and similar functionals of v, according to the heat
flow. This corresponds to taking u as the Lebesgue measure
whose heat flow evolution satisfies p; = p. See more details
below.

To that end, we study the strong data-processing inequal-
ity (SDPI) constant/contraction coefficient for the probability
distribution u and the Gaussian channel [1], [40], which is
defined as

A Dcp(Vx”,us)
)= o DOl @
Recalling that D,(villu,) > O (with equality if and only if
Vs = Uy), by the data-processing inequality we have that 0 <
ny(u, s) < 1. We mostly analyze two choices of ¢. The first is
@(x) = g (x) = xlog x,! which results in the Kullback-Leibler
(KL) divergence

dv

DOl = Deavlb) = [ dviog 5.

R? H

and the second is ¢(x) = ¢,2(x) = (x — 1)2, which results in
the y?-divergence

3)

d 2
X 0llu) = Dy (V) = / ) (i - 1) du. (4)

It is common to rewrite the integrand in (4), by abuse of
notation, as (dv — du)?/du, where du refers to the “density
of u” with respect to some ambient measure. We denote
the corresponding contraction coefficients by ngy(u,s) and
n,2(u, s). By [39, Theorem 2], we have that

77,\{2(1“7 S) S r]tp(lu7 S), (5)

for any ¢ with ¢”(1) > 0. In particular, 1,2(u, s) < gLy, 5).
Intuitively, inequality (5) follows by considering measures v
that are very close to u, and using Taylor approximation.
Some of our results hold for further choices of ¢ beyond ¢,
and ¢gp. In particular, the crucial requirement for our results
is that 1/¢” is concave, as in Chafai [11]. This requirement is
fulfilled for ¢,» and ¢xi. (in fact for those functions, 1/¢” is
linear). Another important class of functions for which 1/¢"”
is concave is ¢ (x) = x* — 1, for A € (1,2). The corresponding
divergence D, (v||u), defined by (1), is related to the Rényi
divergence of order A, via the monotone transformation

Dy(vl|w) = log(1 + Dy, (V[k))- (6)

-1

'In this paper, logarithms are always taken to the natural basis.
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Thus, although D,(v||u) is not a ¢-divergence, it does satisfy
the data processing inequality, and bounds on the decay
rate of s — Dy, (vsl|lu;) immediately imply bounds on the
decay rate of the Rényi divergence s +— D,(vlu). We
note that the concavity requirement on 1/¢” fails to hold
for many other important ¢-divergences, such as the Jensen-
Shannon divergence (¢(x) = xlog x%fl + log ﬁ), the Le
Cam divergence (¢(x) = (1 — x)/(2x + 2)), the total variation
divergence (¢(x) = |x — 1|/2) and the Hellinger divergence
(p(x) = (1 = V2.
It is well-known, see. e.g., [40, Theorem 33.12] that

Ve ) = S(X.X + sZ) @)

where X ~ u is independent of the standard Gaussian Z. Here
S(X,Y) is the Hirschfeld-Gebelein-Rényi maximal correlation

[42] between the random variables X and Y defined as

S(X,Y)
g X - BUCOEGY) )
rer—r VG (X)Varg(y)

= sup /Var ELFCO). ©)

The supremum in (9) runs over all measurable functions f :
R" — R with Ef(X) = 0 and Var(f(X)) = 1. In the passage

from (8) to (9) we use the Cauchy-Schwarz inequality.

The quantities nkr(y, s) and n2(u, s) can be thought of
as (normalized) measures of statistical dependence between
X ~pand Y = X+ +/sZ. Two other (un-normalized) measures
of dependence we will consider are the minimum mean-square
error (MMSE)?

mmse(y, s) = E|X — E[X|X + VsZ]]%, (10)

and the mutual information
I, s) = 1(X:; X + VsZ)
= h(X + VsZ) — h(X + VsZIX)

= h(u,) - g log(2res),

where for a probability distribution y with density p in R", the
differential entropy of X ~ u is

HX) = h() = /R o) logp()dx. ()

Our results will be expressed in terms of the Poincaré
constant Cp(X) = Cp(u), of X ~ u, and the log-Sobolev
constant Cys(X) = Crs(u). The Poincaré constant of a random
vector X in R”, denoted by Cp(X), is the infimum over all
C > 0 such that for any locally-Lipschitz function f : R* - R
satisfying E|V f(X)]* < oo,

Var(f(X)) < C - E[Vf(X)P. 12)

The log-Sobolev constant of a random vector X in R”, denoted
by Crs(X), is the infimum over all C > 0 such that for any
locally-Lipschitz function f : R” — R satisfying Ef2(X) = 1
and E|Vf(X)|? < oo,

Ef2(X)log f2(X) < 2C - E|VF(X)[*. (13)

2For a vector z = (z1,..., zy) € R" we denote by |z] = ||zll, = JZ/ z? the
¢ norm of z.
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We list a few important properties of the Poincaré and log-
Sobolev constants, see [5] for more explanations, proofs and
references.

e The Poincaré constant and the log-Sobolev constant of the
standard Gaussian random vector Z € R” satisfy Cp(Z) =
Crs(Z) = 1. Furthermore, for any random variable we
have that

Cp(X)
1BX -EXP? ~

Crs(X)
1BX - EBXP? ~

and in both cases the lower bound is attained if and only
if X is an isotropic Gaussian random variable.

o Co(w) < Crs(u).

e For p>1,1let B, ={x e R" Ixll, < o}, where « is
chosen such that vol(Bp) = 1, be the unit-volume £,-ball.
For U, ~ Uniform(53,), we have that

c<CpU,) <C (14)

for certain explicit universal constants ¢, C > 0. For p €
[2, +o0] we furthermore have

C<CL3(UP)<C (15)

for universal constants ¢, C > 0. The log-Sobolev constant
is not bounded by a universal constant when p < 2. These
results may be extracted from the literature in the follow-
ing way: First, up to a universal constant, Poincaré and
log-Sobolev inequalities follows from a corresponding
isoperimetric inequality (see Ledoux [35] for the log-
Sobolev case and Cheeger [12] for the Poincaré case).
Second, the corresponding isoperimetric inequalities were
proven in Sodin [46] (1 < p < 2) and Latala and
Wojtaszczyk [34].

e (Cp(X) is finite for any log-concave random vector X in
R", see Bobkov [9].

e For a discrete random variable X which is not determinis-
tic, both Cp(X) = oo and Crs(X) = oo. This easily follows
by considering functions f whose gradient vanishes on the
support of X.

e When X is a log-concave random vector in R”, the
Kanann-Lovasz-Simonovits (KLS) conjecture from [29]
suggests that

ICov(X)llop < Cp(X) < C - [ICOV(X)llop, (16)

where C > 0 is a universal constant. Here, Cov(X) €
R"*" is the covariance matrix of X, whose i, j entry is
EX;X; - EX;EX;. We write || - ||,, for the operator norm,
thus?

”COV(X)”op = sup Var(X - 6)
|6l=1

a7

where the supremum runs over all unit vectors 6§ € R".
The left-hand side inequality in (16) follows from the
definitions (12) and (17). The current state of the art
regarding the conjectural right-hand side inequality in
(16) is the bound from [30]

Cp(X) < Clogn - [[Cov(X)llop. (18)

3We denote the standard inner product of two vectors x,y € R” by x-y =
(x,y) = xT'y.
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where C > 0 is a universal constant and X is an arbitrary
log-concave random variable in R”.

We recall that an absolutely continuous probability distri-
bution u on R”, or a random variable X ~ u is log-concave if
it is supported in an open, convex set K € R" (which could be
R” itself) and has a density of the form e~ in K where H is
a convex function. Thus a Gaussian measure is log-concave,
as well as the uniform measure on an arbitrary convex body.

Regularity conditions: Much of the derivations in this paper
are based on differentiation under the integral sign and integra-
tion by parts, where the involved function vanishes at infinity.
Identifying minimal regularity assumptions required for those
steps to hold, and justifying these steps under those assump-
tions, is often a highly technical, and not very rewarding, task.
Consequently, the level of rigor in specifying the required
regularity conditions has become somewhat negotiable in the
literature. For example, to the best of our knowledge, the first
time a fully rigorous proof was given for de Bruijn’s identity
was by Barron in 1984 [6], while prior proofs, such as that of
Blachman [8] did not justify the exchange of differentiation
and integration. Some of our results below have been shown
in prior work, even in greater generality, but without properly
identifying the regularity conditions and justifying the involved
steps. In particular, under the assumption that the involved
measures are sufficiently smooth to justify the technical steps,
Proposition 1.6 and Proposition 1.12 have appeared in [25]
(see also [51]), [13], [32], and [55], and the upper bounds
in Theorem 1.1, Theorem 1.7, and Theorem 1.13 that follow
from it also appeared in [13], [32], and [55]. Here, on the
other hand, the required regularity assumptions are explicitly
stated, and justifying the involved steps constitutes much of
the heavy lifting involved in the proofs.

On the other hand, some of our results rely on the correct-
ness of a certain conjecture, namely Conjecture 4.2, stated in
Section IV. We provide a “proof” for Conjecture 4.2, that uses
differentiation under the integral sign and integration by parts,
but without specifying the required regularity conditions for
these steps to be valid. The gap for proving this conjecture
therefore amounts to rigorously justifying these steps, which
seems non-trivial. Whenever a statement relies on the correct-
ness of Conjecture 4.2, we explicitly emphasize it.

A. Main Results on x* Divergence

For n,2(u, s), we prove the following results.
Theorem 1.1: For any probability distribution x and s > 0

mmse(u, )
—— 7 <
E X —EX] = M (1 5)
=S’ X, X+ VsZ) < ——— (19)
I+ ow
If u is additionally log-concave, then,
ne(, 5) > e/, (20)

Theorem 1.2: For any log-concave probability distribution u
and function f : R* — R, the function s — log Var(E[f(X)| X+
\/sZ)) is convex. In particular, whenever u is log-concave, s
log S (X, X + /sZ) is convex, and consequently, s — 2 (U, 5)
is also convex.

3319

Inequality (20) as well as Theorem 1.2 are mostly an
interpretation of the results of [31]. Theorem 1.1 implies
that for log-concave u the rate at which s — 5., s)
decreases with s is largely determined by Cp(u). In particular,
if s (@) = min{s M (u, ) < a} is the required time for
n,2(u, s) to drop below a € (0, 1), then

Co40 - Tog < 55'(@) < Co)- (é - 1) e
For a close to 1, the upper bound and lower bound nearly
coincide. We refer to the quantity s,’ﬂz(a) for @« = 1/2 as the
“x? half-blurring time” of the measure u. In the log-concave
case, the y? half-blurring time of u has the order of magnitude
of Cp(u), up to an explicit multiplicative universal constant.
A Corollary of Theorem 1.1 is the following:

Corollary 1.3:

E,|X — EX]? nP
mmse(y, §) > ——e o = — (22)
1 + e 1 + i CP(/J)
where |
P = -E,|X - EX]?, (23)
n
and
_ C
Cogo = L. (24)

Let us compare Corollary 1.3 with known bounds in
Estimation Theory. Assume that u has smooth density
p and recall that the Bayesian Cramér-Rao lower bound
(CRLB)/multivariate van Trees inequality [23, eq.10] for the
additive isotropic Gaussian noise case, gives

n2s nP
mmse(y,s)zn+sj(ll)=jw)+§, (25)
where v )
T(w) = / VoI (26)
xeR” P(x)
and
_ P
A = “7% 27)

We see that the lower bound from Corollary 1.3 is tighter
than the Bayesian CRLB whenever g(C_'p(p) -Dh<J (w - 1.
In particular, whenever Cp(u) is finite, the bound from Corol-
lary 1.3 is tighter than the Bayesian CRLB for low enough
signal-to-noise ratio (SNR) ’—;. There are also cases where
J () is infinite, rendering the Bayesian CRLB useless for all
s > 0, whereas Cp(u) is finite. An example of such probability
distribution is the uniform distribution over a convex set. We
remark that there are also examples where 7 (u) is finite and
Cp(u) infinite, such as the density 7 - ¢~ D" on the real
line for 0 < a < 1/2.

Using the I-MMSE identity of Guo, Shamai and Verdu [26,
Theorem 2], we can deduce the following.

Corollary 1.4:

I, 5) = I(X; X + VsZ)

0 e (148 e
S22 G TS TR
where P and Cp(u) are as defined in (23) and (24), respectively.

(28)
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Example 1.5: Let X ~ Uniform( VaPS""), where §"' =
{x e R" : |x| =1} is the unit sphere. For this distribution it is
known that Cp(X) = CLs(X) = P55 [44], so that, in particular,
Cp(X) = . We therefore have that for this input

n
n-1)"

It is easy to verify that the function ¢ — 1 ; log (1 + £ )
is decreasing. Thus, the lower bound from Corollary 14 is
monotonically decreasing in Cp(u), which in turn is minimized
for the isotropic Gaussian distribution, for which its value is
1. Thus, the lower bound is tight for the isotropic Gaussian
distribution, and controls the mutual information loss of the
probability distribution u from the upper bound 3 log (1 + 5;)
via the distance from Gaussianity measure Cp(u) > 1.

It is insightful to compare the lower bound from Corol-
lary 1.4 to the standard entropy power inequality (EPI)-based
[17, Theorem 17.7.3] lower bound

-1
IX:X + VsZ) > 2" log (1 + (29)

P _
I, s) > glog (1 + ~N(;1)) . (30)
s
where R
Ny = < 31
W="7 €2y
is the normalized entropy power (recall that N(u) < 1 with

equality iff g is Gaussian isotropic). It is easy to see that
whenever Cp(u) < oo, the new lower bound from Corollary 1.4
is tighter than the EPI-based bound (30) for s large enough
(low SNR).
Note that using the Bayesian CRLB (25) and the I-MMSE
identity, one easily obtains the lower bound
S ( P ;) .
I(u, s) > 5 log| 1+ s 7w 32)
However, since for any probability distribution u we have that
J@) - N(u) > 1, with equality iff 4 is the isotropic Gaussian
distribution [10], [20, Theorem 16], this bound is subsumed
by the EPI-based bound (30).

B. Main Results on KL-Divergence

We now move on to present our results concerning the KL
divergence. Our first result is a generalization of de Bruijn’s
identity, which is instrumental for proving the proceeding
results.

Proposition 1.6: Let u and v be probability measures on R”
with D(v || ) < oo, and assume IE/1|X|4 < oo. Then for any
s> 0,

d 1
25 P0s i) = =50 Il ), (33)

where the Fisher information of a probability distribution v
relative to u is, with f = dv/du,

VAT

o
Proposition 1.6 easily implies de Bruijn’s identity.
We prove the following bounds for the KL contraction

coeflicient:

Jollw=

(34)
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Theorem 1.7: For any probability measure u and s > 0,

mmse(i, )

_—lz—nKL(ﬂ 5) <

(35)
E,X - EX

T+ aw

If additionally u is log-concave, then, assuming the validity of
Conjecture 4.2, we also have

e (,u) < kL, ).

The left-hand side inequality in (35) immediately follows
from (5) and (19).

Theorem 1.8: Assuming validity of Conjecture 4.2, for
any probability distribution v and any log-concave probability
distribution p, the mapping s — D(vi|lus) is convex. In
particular, assuming validity of Conjecture 4.2, whenever u
is log-concave, s — ngr. (i, s) is convex

Theorem 1.8 implies that s — h(vy) is concave, which
is [14, Corollary 1]. Thus, Theorem 1.8 is stronger than
Costa’a Corollary about concavity of s +— h(vy). On the
other hand, Theorem 1.8 does not imply the concavity of
s+ exp (2h(vy)), which is Costa’s main result in [14].

As in our analysis for 7,2(s,u), we see that Theorem 1.7
implies that for log-concave u the rate at which s — ngp(u, )
decreases with s is largely determined by Cys(u). In particular,
if slIfL(a) = min{s nkL(u, s) < a} is the required time for
nkL(u, s) to drop below a € (0, 1), then

(36)

(1-0)- Cus() < 55%a) < (1—“) Cisw.  (37)
For a close to 1, the upper bound and lower bound nearly
coincide. We refer to the quantity si“(a) for @ = 1/2 as the
“KL half-blurring time” of the measure u. In the log-concave
case, the KL half-blurring time of i has the order of magnitude
of Crs(u), up to an explicit multiplicative universal constant.

C. Main Results on General Divergences

Fix a smooth, convex function ¢ : (0, 0) — R with ¢(1) =0
and set ¢(0) = lim,_,o+ ¢(?). In [11], Chafai introduced the
concepts of ¢-Sobolev inequalities and ¢-entropy, which turn
out to fit nicely with our study of the evolution of the ¢-
divergence Dy (vs || ).

The ¢-Sobolev constant of a random vector X in R”, denoted
by Cy(X), is the infimum over all C > 0 such that for any
locally-Lipschitz function f : R* — (0, 00) with Ef(X) =1,

C
Bp(f(X)) < 5 - E¢" (fNIVLX)P. (38)

This generalized the definition of the Poincaré constant and
the log-Sobolev constant. Indeed, in the case where ¢(x) =
xlog x is the KL-divergence, we have C,(X) = Crs(X), and a
simple argument reveals that when ¢(x) = (x — 1)? we have
C,(X) = Cp(X). When X ~ p we set Cy(u) = Cyp(X). In the
general case, our definition (38) is slightly different from the
one in Chafai in that we impose the additional requirement that
Ef(X) = 1, which implies that ¢(Ef(X)) = 0. In Chafai the
left-hand side of (38) is replaced by Ep(f(X)) — @(Ef(X)). In
the cases of interest just described, the two definitions coincide
by homogeneity.
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Given two probability distributions g and v on R”, with v
absolutely continuous with a smooth density with respect to
u, we defined the -Fisher information via

L0 ) = / &PV fPdu,
]Rn

where f = dv/du. Thus we have the defining inequality of the
¢-Sobolev constant,

Dy(v [l ) < (v |l ). (39)

Some of the properties of the Poincaré and log-Sobolev
constants generalize to the more general context of the ¢-
Sobolev constant. The ¢-Sobolev constant is 2-homogeneous:
For any fixed number A > 0,

C,(AX) = 1*Cy(X).

Co(w)
2

This follows from the definition (38), by substituting g(x) =
f(Ax). Another immediate property of the p-Sobolev constant,
is thatif 7 : R" — R” is a contraction (i.e., [T (x)-T(y)| < |x—y|
for all x,y € R", then for any random vector X in R”,

Co(T(X)) < Cy(X). (40)

Indeed, this follows from (38) with f = g o T, which satisfies
IVF(X)| < [Vg(T(X))l. Now (40) follows as Ep(g(T(X)) =
Eo(f(X)) while

Ee” (fF(X)IVFX)P
< By” (g(T(X)) V(T (X))I*.

Theorem 1.2 from Klartag and Putterman [31] thus implies
the following:

Corollary 1.9: Let ¢ : (0,00) — R be a smooth, convex
function with ¢(1) = 0. Let X be a log-concave random vector
in R" and let Z be a standard Gaussian in R”, independent of
X. Then for any s > 0,

Cy(X) < Co(X + Vs2).

The Poincaré constant is the smallest of all ¢-Sobolev
constants:

Proposition 1.10: Assume that ¢”(1) > 0. Then for any
random vector X for which Cy(X) < oo,

Cp(X) < Cy(X).

Proposition 1.10 must be known, yet for lack of concise
reference we provide its proof below. The function 1/¢” plays
an important role in the sequel. When it is a concave function
on (0, c0) — this is equivalent to condition (H1) from Chafai
[11] — it is possible to compute the ¢-Sobolev constant of the
Gaussian measure. The following proposition follows from the
results of Chafai [11] and Proposition 1.10. For convenience
we provide a proof.

Proposition 1.11: Let ¢ : (0,00) — R be a smooth, convex
function with ¢(1) = 0 such that 1/¢” is concave. Let X be a
standard Gaussian random vector in R”. Then,

Co(X) = 1.

Proposition 1.6, the de Bruijn identity, may be generalized
even further:

3321

Proposition 1.12: Let ¢(x) = ¢(x) = x' =1, for A > 1. Let u
and v be probability distributions on R" with D, (v || u) < oo,
and assume E#|X|4 < oo. Then for any s > 0,

d 1
_D(,D(VS Il ps) = _5 ¢(Vs Il 5)- (41)

ds

This proposition formally implies Proposition 1.6 since
DxLOlw) = limy,y 75 log(1 + Dy, (v || w)). While we have
only proved Proposition 1.12 for ¢(x) = ¢ (x), 4 > 1, we
believe it should be valid for any smooth, convex function
¢ : (0,00) - R with ¢(1) = 0. We have only used the
assumption that ¢(x) = ¢,(x), 4 > 1, for justifying integration
under the integral sign, and for justifying integration by parts.
The following is a generalization of Theorem 1.7.

Theorem 1.13: Let o(x) = ga(x) = x* =1, for 1 <A< 2,
such that 1/¢” is concave. Then, for any probability measure
uand s > 0,

mmse(u, )

1
- <, 5) £ ————.
_ 2 12 s
E,|IX - EX| 1+ o)

If additionally u is log-concave, then, assuming the validity of
Conjecture 4.2, we also have that

(42)

S s). (43)

Co(u) —

The left-hand side inequality in (42) immediately follows
from (5) and (19). We proceed with a generalization of
Theorem 1.8.

Theorem 1.14: Let p(x) = ¢ (x) = x' =1, for 1 < A <2,
such that 1/¢” is concave, such that 1/¢” is concave. Then,
assuming the validity of Conjecture 4.2, for any probability
measure v and any log-concave probability measure u, the
mapping s = Dy(vllus) is convex. In particular, whenever u
is log-concave, s — 1,(i, §) is convex.

For the geometric meaning of the ¢-Sobolev constant, and
for the relations to concentration of measure, we refer the
reader to [11, Section 3.4].

D. Related Work

Contraction coefficients for the Gaussian channel were
studied in [38] (see also [22]), and it was shown that there
exist probability distributions p with bounded second moment
Eu X — EX|?> for which neW,s) = nx(u,s) = 1. Our
results show that while a bounded second moment does not
imply non-trivial 1,2(u, s) or 17k (i, s), bounded Poincare con-
stant Cp(u) or log-Sobolev constant Cps(u), respectively, do
imply non-trivial contraction coefficient. Moreover, in the log-
concave case the Poincare constant or log-Sobolev constant
are essentially equivalent to the corresponding contraction
coefficient.

For discrete channels, Raginsky [41] has estimated the SDPI
constants 7,2(u, Kyjx) and nxr(u, Kyx), as well as for other
choices of ¢, of a source y and a general discrete channel
Kyix as a function of a Poincare constant Cp(u, Kyjx) or a
log-Sobolev constant Cys(i, Kyjx), respectively, corresponding
to both the source u and the channel Kyjx. See [41] for the
precise definitions of those constants and the relations to the
contraction coefficients. We stress that the Poincare constant
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Cp(u) and log-Sobolev constant Crs(u) used in our bounds
depend only on the source u. Furthermore, our bounds only
address the Gaussian channels, while the estimates in [41] hold
for any discrete channel (though this class does not include the
Gaussian channel).

The general problem of developing lower bounds, amenable
to evaluation, on the MMSE in estimating a random variable X
from a dependent random variable Y is a classic topic in infor-
mation theory, signal processing, and statistics, and so is the
special case of estimation in Gaussian noise. Classic references
include [48], [50], [53], and [57]. See also [40, Chapter 30].
Our lower bound from Corollary 1.3 varies smoothly with the
noise level s, similarly to the Bayesian CRLB, and therefore,
cannot capture threshold phenomena/phase transitions of the
MMSE in s. However, to the best of our knowledge, no
previous bounds have estimated mmse(y, s) in terms of the
Poincare constant Cp(u). A recent work by Zieder, Dytso and
Cardone [56] develops a lower bound on the MMSE for a class
of additive channels from X to Y, including the Gaussian one.
Their bound is expressed in terms of the random variable x(X),
where k(x) = (Cp(szx))‘1 is the inverse of the Poincare
constant corresponding to the conditional distributions of the
channel’s output given the input x, as well as the variance
of the conditional information density between X and Y. Our
bound from Corollary 1.3 (which holds only for the Gaussian
channel), on the other hand, depends only on Poincare constant
of the source Cp().

The function s +— h(X + +/sZ) for isotropic Gaussian
Z statistically independent of X ~ u, has been studied
intensively, from the first days of information theory. de
Bruijn’s identity [14], [47] (see also [17, Theorem 17.7.2]
shows that the derivative of this function with respect to
s is %J (us). As explained here, our Proposition 1.6 is a
stronger and more general identity. de Bruijn’s identity was
instrumental for proving the entropy power inequality [8], [47].
Decades later, Costa used de Bruijn’s identity for showing that
s > ex"¥+V52) is concave, which immediately also implies the
concavity of s — h(X + +/sZ). Several alternative proofs for
Costa’s EPI were given in [15], [21], [27], [43], and [52].
An important point of view on the evolution of curvature
under the heat flow, involving curvature and dimension was
developed by Bakry, Emery and the Toulouse school, see the
book [5].

In Theorem 1.8 we establish the convexity of s — D(v|u)
for log-concave u, which generalizes the latter, and weaker,
statement of Costa. Unfortunately, we were not able to prove
convexity of s — log D(v||us). Further improvements of the
entropy power inequality for the random variable X + +/sZ
were established by Courtade [15]. The relation between
I(u, s) and mmse(y, s), called the -MMSE relation, which
is intimately related to de Bruijn’s identity, was discovered
by Guo, Shamai and Verdd [26]. To the best of our knowl-
edge, our Corollary 1.4 is the first lower bound on I(w, s)
in terms of Cp(u). An upper bound in a somewhat similar
spirit was derived in [3]. Inequalities interpolating between
the Poincaré and the log-Sobolev inequality appear in Latata
and Oleszkiewicz [33]. This is a family of inequalities param-
eterized by a parameter 1 < p < 2.
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As noted above, the behavior of s +— D, (v,l|us) was studied
in prior work [13], [25], [32], [S5], even in greater generality
(i.e., the evolution of the two measures was not restricted
to the heat flow in some of those works), and some of our
results were reported in those works. However, to the best
of our knowledge, no prior proofs of Proposition 1.6 and
Proposition 1.12 identified the regularity conditions required
for differentiation under the integral sign and for integration
by parts and justified those steps. Our derivation, on the other
hand, fully addresses these aspects. As the upper bounds on
the SDPI coefficients rely on those propositions, they are
now rigorously validated as well. Our lower bounds on the
SDPI coefficient have not appeared before to the best of
our knowledge. We also note that recent work by Wibisono
[54] (posted after the preprint of this manuscript became
available) independently derived a (more general) version of
our Conjecture 4.2, but also without identifying the required
regularity conditions.

In the remainder of this paper, we prove the theorems stated
above.

II. MINIMUM-SQUARED ERROR AND MUTUAL
INFORMATION

A. Proof of the Lower Bound in Theorem 1.1

We show that for any pair of random variables X, ¥ in R” x
A, where A is some abstract alphabet, it holds that

mmse(X|Y)
SAXY) 21— —— 44
X,Y) EIX _ EXP (44)
where
mmse(X|Y) = E|X - E[X|Y]. (45)

The idea is to use linear test functions in the definition (9) of
the maximal correlation S (X, Y). For the case n = 1, the lower
bound was already observed by Renyi [42], see also [4, eq.
17]. Here we give a proof for the general case. Let

Var(E[X;[Y])

i* = argmax , (46)
ieln] Var(X;)
and set f: R* - R as
_ X, — EX;
J&X) = l

VVar(X;)
such that E f (X) = 0 and Var( f X)) =1. Sincei for non-negative

numbers a, . . ., by it holds that %Zi Z < MaXie[n) s
we have that

.,an,bl,..

Var(E[X;-[Y])

VarE[f(X)Y]) = Var(X)
> iy Var(E[X|Y])
= >, Var(X;) “7)
_ > Var(i(,») — E(Var[X;|Y)] 48)
>, Var(X;)
L mmse(X|Y)
=1 E—MX “EIXIE (49)
The statement follows by invoking (9)
S*(X;¥) = sup VarBf XY )
f
> Var(ELf(X)|Y]). (50)

Authorized licensed use limited to: Hebrew University. Downloaded on June 24,2025 at 19:28:31 UTC from IEEE Xplore. Restrictions apply.



KLARTAG AND ORDENTLICH: STRONG DATA PROCESSING INEQUALITY UNDER THE HEAT FLOW

B. Proof of Corollary 1.4

Let
I(u.p) = I(X; \pX + 2), (51)
mmse(u, p) = EIX — E[X| VpX + Z]. (52)

Clearly, I(u, s) = i(/,l, %) and mmse(y, s) = mnmse (,u, %) By
Corollary 1.3, we therefore have that

1 nP
mmse(u, p) = mmse ( yu, — | > ——————. (53)
wp (“ p) I+ pCoGu)P
By the -MMSE identity [26, Theorem 2],
d - |
—I(u, p) = sthmse(u, p). (54)
dp 2
Thus,
- 1 [*
I(u,p) = 5/ mmse(u, t)dt
0
0
> 1 / L —
2 Jo 1+1tCp(u)P
n —
= - = log (1 + Cp(u)P - p) . 55
26000 og (1 + Ce()P - p) (55)

where in the last equality we have used the identity
o Timdt = ¢log(1 + bp) for a,b > 0. The claimed result

follows by recalling that I(u, s) = I (,u, %)

III. x*-DIVERGENCE AND PROOFS FOR BLURRING TIME
BOUNDS

In this section we complete the proof of Theorem 1.1. Let
X be a random vector attaining values in R". When proving
Theorem 1.1 we may assume that Cp(X) < oo as otherwise the
conclusion is vacuous. Recall from above that a log-concave
random vector has a finite Poincaré constant, and that for any
additional random vector Y,

S*X,Y) = sup Var(B[f(X)|Y]) (56)

where the supreumum runs over all measurable functions f :
R" — R with Ef(X) = 0 and Var(f(X)) = 1. The requirement
that Ef(X) = 0 is actually not necessary. Let Z be a standard
Gaussian random vector in R”, independent of X. Recall that
we are interested in the y? contraction coefficient

ne (W, 5) = S*(X, X + VsZ).

Following Klartag and Putterman [31], for a function f : R" —
R with E[f(X)| < oo and for s > 0 we write

O, f(X + VsZ) = E[f(X)IX + VsZ].

Let i be the probability distribution on R” that is the distribu-
tion law of the random vector X, and let u; be the distribution
law of X + +/sZ. The operator

Qs : L*(u) = L(uy)
is of norm at most one, since
2
/ Istlzd/ls =E |Qvf(X + \/EZ)|
R}l

= E|ELFCOIX + V5ZI|* < BIFOOP.
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Lemma 3.1: For any s > 0, the quantity S2(X,X + /sZ)
is the square of the operator norm of Qg : L?(u) — L?(uy)
restricted to the subspace of functions of u-average zero. In
other words, S2(X, X + \/sZ) is the minimal number M > 0
such that for any f € L*(u) with [ fdu =0,

Qs 72y < M - NIf 12

Proof: By (56), for any s > 0,
S* (X, X + V/sZ) = sup Var(E[f(X)IX + VsZ])
y

(57)

= sup Var(Q, f(X + VsZ)),
f

where the supremum runs over all f with Ef(X) 0 and

Var f(X) = 1. Therefore,

S*(X, X + VsZ) =sup | 1Q,fPdu,
7 e

= sup 10, £ 1172,
p

where the supremum runs over all f with f fdu 0 and
[ fPdu=1. ]

The operator Q; may be expressed as an integral operator.
Write

y5(x) = 2rs)™? exp(|x*/(25)) (58)

for the density in R” of a Gaussian random vector of mean zero
and covariance s - Id. By considering the joint distribution of
(X, X+ +/sZ) and writing conditional expectation as an integral,
we see that

S s = D F()du(x)
QIO =" 000

The proof of Theorem 1.1 requires two differentiations of the
expression on the left-hand side of (57) with respect to s.
It will be convenient to consider a subclass of well-behaved
functions of L*(u) in order to justify the differentiations under
the integral sign. Write p for the density of .

As in Klartag and Putterman [31], we say that a function
f : R" = R has subexponential decay relative to p if there
exist C,a > 0 such that

(59)

C
¥)| € ———=e M
lf(ol < e

If p decays exponentially at infinity — for instance, if p is
log-concave — then all polynomials have subexponential decay
relative to p. We say that a function f : R" — R is u-
tempered if it is smooth and if all of its partial derivatives
of all orders have subexponential decay relative to p. Write
J for the collection of all u-tempered functions on R". Since
F,, contains all compactly-supported smooth functions, it is a
dense subspace of L*(u).

Lemma 3.2: If f is y-tempered, then Q;f is u,-tempered for
any s > 0.

Lemma 3.2 is proven in [31, Lemma 2.2] under the addi-
tional assumption that u is log-concave. The log-concavity
assumption is only used in the proof of Lemma 2.2 in [31] in
order to show that for any p > 0,

(x e R"). (60)

[xlPdp(x) < co.
RH

(61)
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However, a measure u with Cp(u) < oo clearly satisfies (61).
In fact, since f(x) = |x| is a 1-Lipschitz function, we even
know that fR,, e du < oo for some positive @ > 0, this goes
back to Gromov and Milman [24]. Hence Lemma 3.2 applies
for any probability measure u with a finite Poincaré constant.

We write V2 f(x) € R™*" for the Hessian matrix of f at the
point x. We abbreviate X; = X + +/sZ. The following lemma
is proven in [31] as well:

Lemma 3.3: For any s > 0 and f € F,, setting f; = O,f,

%Var(fs(xs)) = —EIVf(X,), (62)
and
SEIVAXOP = -BIV Al
= 2B(V2Yr )XV fi(X) - Vf(X), (63)

where p; = e is the density of X, and ||Al|ys is the Hilbert-
Schmidt norm (also known as the Frobenius norm) of the
matrix A € R"*",

Recall that the density of the random vector X = X is the
function p = e™¥. The Laplace operator associated with u is

defined for u € F, via
Lu=L,u=Au-Vy-Vu. (64)

For any u,v € F, we have the integration by parts formula

(Luyvdu = — | (Vu, Vv)du (65)
Rn Rn
and the (integrated) Bochner formula
(Luydp = | |IVullpsdu
R R
+ | (V*¥)Vu, Vu)du, (66)

R~

where ||V2ul|lys is the Hilbert-Schmidt norm of the Hes-
sian matrix V?u. Formulae (65) and (66) are proven by
intergation by parts, see e.g., Ledoux [36, Section 2.3]. The u-
temperedness of u, v are used in order to discard the boundary
terms. The operator —L is symmetric and positive semi-definite
in F, C L?(u). Recall the well-known subadditivity property
of the Poincaré constant (e.g. [16] or Theorem 5.1),

Cp(X,) = Cp(X + VsZ)
< Cp(X) + Cp(Vs2Z)
= Cp(X) + s.

Proof of Theorem 1.1. We begin with the proof of the right-
hand side inequality in (19), as the left-hand side inequality
was already proven above. If Cp(X) = 4o then this inequality
is vacuously true, hence we may assume that Cp(X) < oo.
Recall that X; = X + +/sZ. By Lemma 3.1, we need to show
that for any function f with E|f(X)* < oo,

Var (E[f(X)IX]) = Var(Q, f(X))

- Varf(X). (67)

«— L
T 14 5/Cp()

Recall that y is the distribution law of X. Since Q, : L*(u) —
L*(uy) is a bounded operator and F, is dense in L (w), it
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suffices to prove (67) under the additional assumption that
f € F,. Abbreviate f; = Q,(f). By using (62) and the Poincaré
inequality, we get

0
- Var(f(Xy)) < -

1
3 Co X)) Var(fs(X))

1
< - mv&r(ﬂ(xs))7

where we used subadditivity in the last passage. Therefore

5 1
55 08 VA (0) <~

By integrating from 0O to s we conclude that

Var(fy(X0) _ / dx
Varf(X) ~ Jy x4+ Cp(X)
1
T TG

proving (67). This proves the right-hand side inequality in (19).
Let us now assume that X is log-concave and prove (20). This
is in fact proven in [31], but let us briefly repeat the argument
here for convenience. Let 0 < & < Cp(u). By the definition of
Cp(u), there exists a non-constant function f such that

Varf(X) > (Cp(u) — &) - E[Vf(X)I*. (68)

Thanks to the appendix of [7], we may assume that f is smooth
and compactly-supported in R”, and in particular f € F,.
According to (62) and (63) we may differentiate the Rayleigh
quotient

9 EIVf(X)P

_ _mV2F 2
a5 Var(f, Xy~ o S
= 2E(V2y)(X,)VF(Xy) - V(X,)
- EIVAX)I*

where we normalize f; = f;/ VVar(f;(X,). As explained in
the proof of [31, Theorem 2.4], it follows from the spectral
theorem that

(L for Py = (L F) o

2
=( |Vfr|2d/1s) :
Rn

Therefore, from the Bochner formula (66),
9 BIVAX)P
ds Var(f(X;))

< -E(V)X)Vf(X,) - VA(X,) <0. (69)

where the last inequality is the only place where we use log-
concavity; indeed, since X is log-concave, so is the random
vector X + +/sZ by the Prékopa-Leindler inequality (see e.g.
the first pages of Pisier [37], or Davidovi¢, Korenbljum and
Hacet [19]). Thus e is a log-concave density, which amounts
to the fact that the symmetric matrix V2, is positive semi-
definite. Hence the term involving the Hessian Vzws in (69)
is non-positive. Consequently, E|V fS(Xx)l2 /Var(f;(Xy)) is non-
increasing in s and

Var(£,(X) _ [ BIVAXP
Varf(X)  Jy Var(f(X)
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L EVAOOP
Var(f(X))
S

e — e
Hence for any £ > 0 we found f such that

Var (B [ f(X)IX,]) = Var(f,(X,))

> exp (_Ws)_g) Var f(X).

Since € > 0 is arbitrary, and in view of Lemma 3.1 this proves
that S%(X, X + /sZ) > exp(—s/Cp(u)). Inequality (20) is thus
proven. O

Remark 3.4: Thomas Courtade and Joseph Lehec com-
municated to us an alternative proof of the right-hand side
inequality in (19). Their proof does not require differentiation
with respect to the parameter s.

IV. IDENTITIES FOR KL-DIVERGENCE AND GENERAL
DIVERGENCES

In this section we prove Propositions 1.6 and 1.12, the
generalized de Bruijn identity. We keep the notation from the
previous section. Let f : R” — R be a u-integrable function.

As in the previous section, some care is needed when
differentiating under the integral sign and when integrating
by parts and neglecting the boundary terms. As opposed to
the previous section analyzing the case of the y?-divergence,
here we will be rather brief in the justification. As in [31] and
in Section III, the basic idea is to introduce a suitable class
Fu e of smooth functions, which allow for integrations by parts
without boundary terms, and is preserved by the Q;-dynamics.
Then one approximates the density of an arbitrary measure v
with Jo(v || u) < co with a function from this class.

From Klartag and Putterman [31], we know that for any
feF,and s >0,

d
d_st = Dstf (70)
h)
h
whnere - A
s = S 2

and Ly = L, is the Laplace operator associated with the
measure ;. We write p, for the density of .

Lemma 4.1: Let o(x) = ¢ (x) = x* =1, for A > 1. Let u and
v be probability distributions on R" with Dy (v || u) < oo, and
assume IE,’,|X|4 < co. Denote f = dv/du such that f; = Q,f =
dug/dv, for s > 0. we have

d 1
—Be(fi(X)) = =3 B (LXDIVAXOP  (71)
1
=3 / ¢ (fOIVfi[Pdus. (72)
]Ru
In particular, if Dxp(v || p) < o0
d _ 1 VAP
L BA(X)log fi(X) = -3 E—fs X (73)

Proof: We prove (72) below for any smooth, convex func-
tion ¢ : (0,00) — R with ¢(1) = 0, without justifying
differentiation under the integral sign, and without justifying

3325

integration by parts. The justifications for these steps for
@o(x) = @1(x) = x* — 1, for A > 1, under the assumptions that
Dy(v || 1) < oo, and ]E/1|X|4 < oo, are given in the appendix.
We also prove in the appendix that (72) implies (73).

Recall that dp,/ds = Aps/2 by the heat equation, as y, =
u*7ys and pg is the density of u,. This and (70) are the main
places where we use the heat equation in our arguments. Let
us compute:

d
7 / o(fops = / & (f)0sfs - ps
) R" R"
Ap;
+ [ e

Integrating by parts we continue with

i AN
- / e (m—%%%]ps

i A
- f e o 0 2

o (f)Afs +¢" (f5) Istlz)}
5 Ps

+

B 7 2 V .8'2
= / n —w”(fs)IstlerM}ps,

where we used the integration by parts (65) in the last passage.
O

Proof of Proposition 1.6 and Proposition 1.12. Follow
directly from Lemma 4.1, and the definition of D, and J,.
O

We move on to computing the second derivative of

Eo(f(Xy)).

Conjecture 4.2: Denoting
1 ( 1 )//
K=- — |,
chl/ ‘p/I

8s = ‘#(fs)

we have, under mild regularity assumptions, the “Bochner-
type” formula

and

d ’”
- | UV Pd
S Jrn

. / n [2<V2w$)Vgs Vg,
dys
" (fy)’

+ |V2gs|2 + K(fv)|Vgs|4i|

where we recall that p; = e™¥s.

Sketch of proof. We assume below that differentiation under
the integral sign is valid, and that all functions involved in
integration by parts vanish. Justifying these assumptions is
the missing step in proving this conjecture. We now prove
the “Bochner-type” formula above, under the assumption that
those steps are indeed valid (i.e., ignoring all regularity issues).

Our approach follows the M-function of Ivanishvili and
Volberg [28] and the dynamic approach to the I'-calculus is
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presented in [31]. We consider a function M(x,y) of two real = Mx"rl( o)+ My Ti(fu Ti(fy)

variables of the form

M(x,y) = yp" (x).

Thus M(x,y) = y/x in the case where ¢(x) = xlogx and
M(x,y) = 2 v if ¢(x) = (x — 1)>. In view of Lemma 4.1, we

would need to compute

d
T BMUf(X), VAP
By the chain rule, for any functions f, g,

AM(f,8) = M.Af + MyAg + M|V f
+ 2Mxyvf . Vg + Myy|Vg|2,

where we abbreviate M, = dM/dx, M, = dM/dy etc. Let us
also introduce the dynamic I'-calculus notation from [31]. We

set
I'i(u,v) =Vu-Vy

and
o(u,v) == o0 (u, v) — T1(Qgu, v) — T (u, Ov)
which satisfies
To(u, u) = |[V2ul%g — 2V (log ps)Vu - Vu.
We abbreviate I'1 (1) = T'1(u, u) and (1) = T'a(u, u).

We first prove that for a general function M of two variables,

d
—EM(f,(X,), IV£(X)P)

ds
MXX
= _/n |:Myr2(fs)+ 5 11(fo)

M)’Y
+ Mo (f. Th(fo) + 7F1(1"1(fc))]dm-

To this end, abbreviate M = M(f;,|Vfi[>), My = M (f;,|Vfi?)

etc. Then,

d
- [ M(f,, IV £))ps
S R?

AM

_ / n [T + MO, fs + 2Myr1(usfs,fs)} Ps
AM

= / |:T + MXDSfY

+ My (Dsrl(fs» fs) - FZ(fs’ fs)) :|ps

AM A
Z/n [T+MX(LV_§)fV
+ M, ((Ls - %) () - Fz(fs)) ]ps.

By (76) with f = f;,g = T'(f),
AM = Mfos + MyArl(fs) + Mxxrl(fs)
+ 2M I (f5, T (f9) + My D (U1 (f9).-

Therefore,

(AM - M Af, — MyAT((f)))

N —

2
M,y
(75) + TH(Fl(fs))

Consequently, the integral in (79) equals
/ |:MXLSfS + ML (fs) — M2 (f5)

+

My
) rl(fs) + Mxyrl(fs, rl(fs))

M,
+ 1"1(1"1(]%))}%

Integrate by parts the two terms involving L, using (65) to

(76)  obtain

/n [Mstfx + MyLsrl(fs)] Ps

= / , [-VM, - Vf, - VM, - VI'1(f)] ps

:/n'

- (Mxyvfs + nyvrl(fs)) : Vrl(fx)]ps

(77) - / n

- (Mxxvf:v + Mxyvrl(fs)) ! st

- Mxxrl (fs) - 2quyl—‘l (rl(fs)a fs)

- M,/ (T (fs))i|ps.

Hence, the integral in (79) equals
M
_/ |:Myr2(fs) + %rl(fs)

M,,
Mo Ty + 2y (r }
(78) + My (fs, T1(f5) + 5 1) e

and (78) is proven. In the specific case where M is the function
given by (75) we conclude from (78) that

d

= / @ (fOIV £l duy

S Rn

‘9(4) fs)

Ly

=- /R U +
+ sa@(mrl(fs,rl(fs»]dm

- "/ 20" (VYIS - VI + ¢ [V fi

()0(4)

+ VAL 200V )V S, st]dm

__ / 26 (V)Y 1, -V,
R L

(79)
o® 2
+ " |V2f, + o Vi, ®Vf,
) (3))?2
¢
+ %""7 - (QT)} |st|4]dus (80)

Note that

‘,0"

2 ’”
o (@) @\,
> o 3 ="k
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Consequently,
d 1’
o / " (I filPdps
S R?
= _/ |:290"(V2¢3)st : st
o 2

+¢" |V S + o Vi®Vf
+ K(so’)3|stI4}dus.

Since g, = ¢'(f;) we have Vg, = ¢”(f,)Vf, and Vg, =
" (f)V2fs + @3 (f)Vf, ® Vf,, and the lemma is proven. O

Specializing Conjecture 4.2 to the case where ¢(x) = xlog x,
we obtain the following:

Proposition 4.3: Assuming the validity of Conjecture 4.2,
With g, = log O, f we have
d IVAXP
ds  fi(Xy)

= - /I;" [|V2gs|2 + 2<(V2M/S)Vgs, Vgs>] fodus.

Proof: This follows from Conjecture 4.2 with ¢(x) = xlog x,
since in this case 1/¢”(x) = x and x = 0. m]

V. PROOFS OF INEQUALITIES RELATED TO ¢-SOBOLEV
CONSTANTS

We keep the notation and assumptions of the previous
section. We need to use the subadditivity property of the
¢-Sobolev constants, proven by Chafai [11, Corollary 3.1]
in greater generality. For the convenience of the reader we
include here a statement and a proof of the following propo-
sition, as well as of Proposition 1.11, which also goes back to
Chafai [11].

Theorem 5.1 (“Subadditivity of the ¢-Sobolev constants”,
Chafai [11]) Let X and Y be independent random vectors in
R”™. Let ¢ : (0,00) — R be a smooth, convex function with
¢(1) = 0 such that 1/¢” is concave. Then,

Co(X +7Y) < Co(X) + Cy(Y).
Proof: For any locally-Lipschitz function
[ iR"—>[0,00)
with E|f(X + Y)| < oo, denoting g(x) = Ef(x + Y) we have
Eo(f(X + 1)) — p(E(f(X + 1))
= Ex [Eve(f(X + 1)) = pEre(f(X + Y)))]
+ Ex¢(g(X)) — ¢(Exg(X))
< CS"(Y)E E ” 2
< —5ExEre X+ VX + DI
Cy(X)
2

Ex¢” (g(X))IVg(X)I*.

To conclude the proof it remains to show that for any fixed
xeR",

+

¢ (g(x0))IVg(x)]
< By (f(x + V)IVF(x + V).
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Indeed, this would imply that
Eo(f(X + ) — p(B(@(X + V) <
Cc,(Y C,(X
MW"(J‘(X YDV + VPR,

and hence C,(X+Y) < Cy(Y)+Cy(X). Since Vg(x) = EV f(x+
Y), all that remains is to show that

¢ EBf(x + V)EVf(x + V)P
< Eyg (f(x + Y)IVF(x + VI

By Jensen’s inequality, this would follow once we show that
the function

(x,)) = " (D (x>0,yeR" 1)

is jointly convex in x and y. Since ¢” (X)lyI> = 3_; ¢” (x)y3, it
suffices to show that the function

(x,3) = ¢ (X)y* (x>0,yeR) (82)

is jointly convex in (x,y). The Hessian of this function is the

matrix @ ) @
P (0)y” 20 (x)y
209 (x)y 2¢"(x)

Since this symmetric 2 X 2 matrix has a non-negative entry
on the diagonal, namely 2¢"(x), by the Sylvester criterion it
is positive semi-definite if and only if its determinant is non-
negative. The determinant equals

1 17
2y [¢"¢® =277 ] = -2y*(¢") (—) ,
2
where we used the formula (1/¢”)" = —(¢"¢® -
20 /(¢")}. Since ¢ > 0 and 1/¢” is concave, the
determinant is non-negative, and the function in (82) is convex.
This completes the proof. O

Proof of Proposition 1.10. For any locally-Lipschitz func-
tion f,
Ee(f(X)) — ¢(Ef(X))
C‘P(X) ’” 2
s ‘B (fOIVFXI™
Let g : R" — R be a Lipschitz, bounded function. Then there
exists €9 > 0 such that for any 0 < € < &, the function

go = 1 + &g attains values at 1. In fact, since ¢ is smooth,
there exists M > 0 and &; < gy such that for ¢ < g,

2
P(50(0) — 8 (1g(x) — Z¢" (Dg(V)| < &°M

and
¢ (go(x) = (1 —eM) - " ().

Consequently, for any 0 < € < g,
&2
¢ ()Var(g(X)) - 2M&’

< Ee(f(X)) = 9(Ef (X))

and

E¢" (fFNIV X))
> (1 —eM)e?@”(1) - E|Vg(X)[>.
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By using the ¢-Sobolev inequality and dividing by &2¢”(1) >

0, and then letting € tends to zero we obtain

Co(X)
2

%Var(g(X)) <

This inequality holds for a Lipschitz, bounded function g. A
standard truncation argument shows that (83) holds true for
an arbitrary locally-Lipschitz function g. Indeed, It suffices to
replace g(x) by gy(x) = 6(x/M)g(x) where 6 : R" — [0, 1] is
a compactly supported smooth function that equals one in a
neighborhood of the origin. The function gy, is a Lipschitz,
bounded function, and a short argument detailed e.g. in the
proof of Proposition 27 in [7] allows to take the limit as M —
oo in the Poincaré inequality. This shows that Cp(X) < Cy(X).
O

E|Vg(X)|*. (83)

Proof of Proposition 1.11. Let Z be a standard Gaussian
random vector, independent of X. When X is a standard
Gaussian, the operator QO has a pleasant form given by the
Mehler formula. Recall that in general,

O, f(X + VsZ) = E[fXOIX + Vs5Z]

and hence

EQ,f(X + VsZ) = Ef(X).

In the case where X is Gaussian, the density of X conditioned
on X+ sZ=yis

n@yo-x _ (x_ y )
71-&-&()’) 5+ s+1

where y; is the Gaussian density, as in (58). In other words,
the distribution of X conditioned on X + +/sZ is that of a
Gaussian random vector of mean XJSFT‘TZ and covariance SJ%lId.
Therefore, for any y € R”,

0.f() = Bf (ﬁ + Z) (84)

s+ 1

1 y s
VO.f() = S+IEVf(S+1 + ,/s+1z).

Consequently, in all of R” we have the identity,

and

¢ (O NIVOLfIF = (NI P

1
C(s+ 1)
where Q; is acting on a vector field entry by entry, i.e.,
O,(Vf) = (Qs01f),...0s(0,f)). Since the function in (81)
is convex in x and y, and since Q; is an averaging operator as
we see from (84), we may use Jensen’s inequality. We obtain
from (85) that

(85)

1
Gre @ [ (NIVFT]

Abbreviate f; = Q,f and X, = X + +/sZ, and observe that
Eo(f(X)) — o(Ef(X))

=
__ / SBe®[FCOIX + V5Z])ds
0 s

¢ (O NIV fIF <

(86)

* 0
. / B, (X))ds.
0 S
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From the generalized de Bruijn identity in the form of
Lemma 4.1 above, and from (86),

Ep(f(X)) - o(Ef(X))

1 (o)
= 5 /(; Esa’,(fs(Xs))lst(Xs)lzds

* 1 ” 2
< [0 3o T TR XDV A ds

h 1 7 2
| soEle am el cows

1
FEL"DIVAP] 0.

This shows that C,(X) < 1. The inequality Cy,(X) > Cp(X) =1
follows from Proposition 1.10. O

Question 5.2: Is there an extremality property of the log-
Sobolev constant Cys(X) among all ¢-Sobolev constants C,(X)
where ¢ ranges over the class of convex function with ¢(1) = 0
such that 1/¢" is concave?

Remark 5.3: In the proof of Proposition 1.11 we used the
fact that when X is a standard Gaussian random vector, for

any f,
1

VO, fI < TP Q,(IVF1).

Since ¢” > 0, inequality (87) and the convexity of the function
(x,y) = ¢”(x)y?, suffices for concluding (86). Inequality (87)
is the only property of a Gaussian random vector that was
used in the proof of Proposition 1.11. Arguing as in the
proof of [31, Lemma 2.5], one can show that (87) holds
true in the case where the law y of X is more log-concave
than the Gaussian measure, i.e. when its density eV satisfies
V24 > Id everywhere in R". We omit the details. This
yields another proof of a result from Chafai [11]: If 1/¢”
is concave and X is more log-concave than the Gaussian,
then,

(87)

CoX) < 1.

Proof of Theorem 1.13 and Theorem 1.14. We mimick the
proof of Theorem 1.1. Begin with the proof of the right-hand
side inequality in (42), as the left-hand side inequality was
already proven above. If C,(X) = +oo then this inequality
is vacuously true, hence we may assume that C,(X) < oo.
Assume that Dy(v || u) < oo, and write f = dv/du, so that
f > 0 satisfies [ fdu = 1. Clearly f; = Q,f is a probability
density with respect to u,, and in fact dvs/dus; = Qsf. We
need to show that

Dcp(V‘v Il ) = [l;«l ©(Qf)dus

1
ST siC Ju AP

1
ST e

The two equalities in (88) follow from the definition of D,
and it remains to prove the inequality. Let X ~ p and recall
that X; = X + +/sZ. By the generalized de Bruijn identity,
i.e. Proposition 1.12, and the definition of the ¢-Sobolev
constant,

(88)

0 1
&Dcp(vs Il us) = _E‘Itp(vs I e25)
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CV,(XS)D“’(VS Il s)

< _CW(X) + C(p( \/EZ)DQD(VS ” ﬂs)y

where in the last passage we used subadditivity, i.e., Theo-

rem 5.1. By homogeneity and Proposition 1.11,

0
&Dw(vs Il ps) < =

Therefore

1
—— D .
C¢(X) T tp(Vs Il eas)

0 1
—log Dy(vs || ts) € —————.
s 02 Dy(vs Il 1) s+ Co(X)

By integrating from 0 to s we conclude that
D«p(Vs I e25) < _/S dx
Dol — Jo x+ Co(X)
1
=log ———.
ST 5/C,(%)

This proves the right-hand side inequality in (42).

Let us now assume that X is log-concave and prove (43).
Let 0 < & < Cy(u). There exists non-negative function f with
Ef(X) =1 such that

Ep(f(X)) 2 (Cylu) - &) - E¢" (FENIVFXOP.

By an argument similar to the one from the appendix of [7],
we may assume that f is smooth. Let v satisfy dv/du = f. By
Conjecture 4.2,

(89)

d d
— o) = — "CENY EPdu.
dsJ“’(V* Il 15) 75 /Rnsa DIV sl dp,

=— / , |:2(V24//S)Vgs Vg

dus _ 0.
" (f9)
where f; = Q,f. Indeed, each of the three summands in the
integral is non-negative; the first is non-negative since V2y, >
0 by log-concavity, the second is always non-negative, and the
third is non-negative since k > 0 as 1/¢” is concave. We thus
proved that J (v, || us) is decreasing with s. Since J (v || )
is the derivative of Dy(vs || us), we conclude that Dy(vs || i)
is a concave function of s. Moreover, by the generalized de
Bruijn identity,

+ |V, + K<fs>|ng|4} (90)

Dw(vs ” #A) - Dtp(v ” /J)

= _[ Jga(vt Il wo)dt
0

>-s-Jo(v Il p
s
>———— Dy(v | .
Cou—e eV
and hence
s
Dy(vs |l ps) = (1——)D v 1l w.
) H Co) — ¢ ® H
Since € > 0 is arbitrary, this proves that
N
,8)>1- .
N1 C.()

(]
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Proof of Theorem 1.7 and Theorem 1.8. These follow from
Theorem 1.13 and Theorem 1.14, respectively. m}

APPENDIX A
TECHNICAL JUSTIFICATIONS FOR LEMMA 4.1

We assume ¢(x) = @ (x) = x* =1, for 1 > 1. Let v and u be
two probability distributions on R”. We make the following
regularity assumptions:

1) Dy(vllu) < c0

2) BuXI* <
Let f = dv/du, such that f; = dv;/dus;. The following
proposition will be useful in the derivation below.

Proposition 1.1: Let ¢(x) = @y(x) = x* =1, 2 > 1, and
assume Dy,(V||u) < oo. Then, for any s > 0 we also have
D (vllus) < oo, and in particular, Y>(V||w) < co. Furthermore,
Dw,l(VsH,Us) < .

Proof: Recall that the Reényi entropy of order A is defined
as

Da(vyllus)

1 dv
royoe (142w (Goow) )
T o (1 +E e (X))

where ¢ (x) = x* = 1, and f = dv/du, such that f, = dv,/du;.
It therefore follows that
P10 = (' = 1)
=P -D-2x"-1)

€2y

= p21(x) = 2¢2(x), 92)
so that
Dtp(vx”,us) = Epa(fi(Xs))
= ¢=DDaslluy) _ 1, (93)
and
Dtpz(vs”,us) = ]EQOZ/l(fs(Xs)) - 2E‘10/l(fs(Xs))
— 8(2/1’1)D2/1(Vv“/4x) _ ze(A’I)DA(Vv”ﬂx) +1. (94)

By the data-processing inequality, and the assumption that
D,(V||u) is finite, we have

DLP(VS”#S) < D«p(V”,u) < 00, (95)

Therefore, by (91), it follows that D,(v,||uy) is also finite. From
[2, Theorem 1] (see also [45] and [49, Theorem 30]) it follows
that finiteness of D, (v|luy) for 4 > 1 also implies the finiteness
of Dy (vyllus) (and also of Dy,(villus)). To see this, note that
for A > 1 [2, Theorem 1] reads

D, (vsllus)

= sup [DKL(fllﬂs) -

£y

1= IDKL(f”Vs)] .

Thus, finiteness of D,(v||us) implies that for any distribution
¢ < vy we have Dgp(€|lus) < oo. Using the same equation
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again, with 24 (or 41), we see that D, (v||us;) must be finite
as well. Thus

sz(vs”,us) <00 = Dy(vyllus) < o0
= DZA(Vs“,us) < 0

= Dy (vsllus) < oo. (96)

To prove that y*(v|ju) is finite, we note that }>(viju) =
Dy, (vllu) with A = 2. Since 4 > 1, we have that 4" < 21. We
have already shown that D,(v||u) is finite. This together with
the fact that A — D,(v||u) is non-decreasing in A > 1, shows
that Dy (v||u) is finite, which in turn implies that D, (vlly) is
finite. )

A. Justification of First Integration by Parts
We prove that

. d
> / ()5 —psl < . 97)
P R" Xi
‘We have v
Ps
Vo = s s . 98
e(fs)Vps = o(f) Vp N (98)

Applying the Cauchy-Schwarz inequality, we therefore have
that

: 9
le /R et 5—pil

1

1 2P
= - s sl - 99
n;n/wlso(f)\/_pl e 99)
2
J
ok (#e:)
< - 2(fops - | ——— 100
D3 | etope [ 22 o
Vo,l?
< \/EJ[ <p2(fs)ps~[ Ve (101)
! R Ps
= VEQR(fi(Xy) v/ - T (uy). (102)

We have that J(u;) < oo for any s > 0. Finiteness of
Ep*(fy(X,)) = D> (vsllus) follows from Proposition 1.1. We
therefore conclude that (97) holds.

B. Justification of Second Integration by Parts
We prove that

. d
> / Ips 5 —@(fo)l < . (103)
i=1 YR i
Recalling that ¢(x) = x* — 1 we have
@) = T @ (x) = A - D2, (104)
and therefore
‘P’(.X) ~ ( 1 x/l)l/Z
Vo \a-1
2 1/2
= (m((p(x) + 1)) . (105)
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Consequently, (recall that ¢” > 0)

psVQD(f?) = px(p’(fv)va

(Ve Tonr) (ks )

V= (VoGons)
(Ve + py).-

Applying the Cauchy-Schwarz inequality, we therefore have
that

(106)

(107)

. 9
) | et

1 1 9
\/l_ln;;/;( TUpg )

4 &1 9 \2
= /l—ln;;\//%”(p (fs)ps(a_xlfs)
1
=\ o7 VA + Ee( (X))
: \/ A; ) " (fOIV fildus. (110)

Consequently, the assumption that D,(v||uy) is finite and that
fR,, " (f)IV fs|*duy is finite (otherwise the statement is void),
implies that (103) holds.

C. Justification of Taking Derivative Under the Integral Sign

We show that £ [L o(f)p, = [en o(f,)ps. To that end,
we will show that for any 0 < a < b close enough to each
other, it holds that sup, I%go( fs)ps| is integrable, and use

the dominated convergence theorem. In particular, we may

assume 2 < 34

Let B be the density corresponding to v, and B, = B8y, the
density corresponding t0 v,. Recalling that ¢(x) = x* — 1, we
have that ¢(f) = (—) — 1, so that

d i
_Qa(fs)ps - (ﬂsps _ps)

w (ﬁs) e (ﬁs) i
:ps(&) (/l~[i;+(l—/l)-—;)—p;.
Ps ﬁ.y Ps

sup |-
[R" s€la,b] ds

<Aa / sup
R” s€la,b]

Thus,

w(fy)ps

o (2) 8
“\ps) B

I

(111)
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+ |1 -1 sup

R” s€la,b]

(ﬁs )” Pl
Ps| — -
Ps Ps

/s

+ f sup o). (112)
R” sela,b]

———
111

Before bounding integrals 7, II, and III, we develop explicit
expressions for p,,Bs, o, and ;. Recall that
X1,

ly — XI? n}

Ps(Y) = ]Ey[’)/s(y - (113)

d 1
d—ys(y -X)=-y,(o-X) [
S S

2s 2

Differentiation under the integral sign is valid, see e.g. [6],
and therefore

(114)

Py = —ps(y)

d
= E}l |:d_73(y - X):|

1 ly — X? n
=3 [Eu [ s Ys(y = ] 2ps(y)] . (115)
Similarly,
Bs) =B lys(y — X)1, (116)
d

By(y) = %ﬁs(y)

1 ly — X n

=3 [Ev [ s Ys(y—X } - Eﬂs(y)] . (117)

We begin with showing that the integral / is finite. Using
the Cauchy-Schwarz inequality, we have

R s€la,b] ‘ Ps ﬁs
22
<( [ s o (2)
R” s€la,b] Ps
’ N\ 2 1/2
[ sup (ﬁ) ) .
R s€la,b] ﬁs

We bound each of the two integrals in the product above. We

have that
B, 21
Ps (_ (V)
Ps

< sup 2rs)™/?
s€la,b]

1 22
e oler)
selab) 2s

1 1-
-sup |E,|exp| —=—1y— ):|)
s€[a87]( ”|: p( zsy

1

= 2na)™? (]EV |:exp (—%Iy X i|)

(& fon (o))

_ 1-21 524
- Cpa b

(118)

sup
s€la,b]
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o)) )]

where C = (b/a)*'. With this, we may apply the Cauchy-
Schwarz inequality and obtain

22
L
R” s€la,b] Ps
42-1 427\ 12
Pb B
<C|E — E — .
ofm () = [(2)])

42
We have that E,, (&)

Pb

=1+ Dy, (vpllp) is finite due to

Proposition 1.1. Furthermore, by the data-processing inequal-

ity
Ob 42-1
Ellu |:(p_) :| =1+ D‘ﬁ-ﬂ—](ﬂb”#ﬂ)

<1+ Dy (NO,b- 1IN, a-1d).  (119)
It is easy to see that D, (N (0,03 - Id)IN(0, 0% - Id) < oo pro-

42-1
vided that % < 4. see [49, eq. (10)]. Thus, &, [(‘ﬁi) ]<

oo, since we assumed ” < 4d-l

We move on to upper bounding the second integral in (118).
Using (116- (117)) we have that

gl 1B [FEr0-0]- 8
Bl s 2

B [15y0 -0

oA [po 2

X
The function [y — X| — DX g increasing, while the function

[y — X| > v(ly — X]) is decreasmg Consequently,
ly - XI*
E, [ - X)
ly - XI*
<E, [ Y s E, [')’s(y - X)]

_ ly - XI*
_'BS.EV[ 2s :|

Using the Cauchy Schwartz inequality, we can further bound

v - XP? y - XP?
EV[yZS :|_ y2s

[—(X)

(e | () | g [b=xt " 120
_H(d#).ﬂ 45 (120
- XPT\°
= (C\/Z(Vllﬂ) +1)-E, [y = D
y-x1*T7\"
sC.(Eﬂ[—M D , (121)
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where the fact that y?(v||u) is bounded follows from Proposi-

tion 1.1. Thus,
_xE\ 2
¢ (B, by - XI|
452

B
Bs
In particular, for s € [a, b], we have
, 12 2 4 1/2
ﬁs 1 n |y_X|
A A G v
2 [y _X|4

_xpT\ 2

ly - X|*
+C3EIJ |:y47 .

Noting further that for all s € [a,b] we have that p; <
(b/a)"?py, it holds that

ﬂ§)2
Sup 15\ o
/Rn selab] (ﬁs

_ X4 1/2
< / e + o) (Ey [%})

, Iy - X
+ 4op)E, [y }dy

<1 n+
T s |2

4p?

172
’ ’ |Y - X|4
<cl+c (]EywbEXNﬂ [—%2

IY—X|4}

+ (J%IEYN‘%]EXNIJ [W

where we have used Jensen’s inequality above. The expression
above is finite by our assumption that E,|X|* < oco. Thus,
integral [ is finite.

The proof that integral II is finite is nearly identical,
where the only difference is that we do not need the
change of measure from v to u “trick” we have used
in (120)-(121), and instl%ld we have the trivial bound
B, |55 < (&, L' )

We are left with showing that integral //I converges. This
follows since

/ sup |P;| =/ Sup pPs
R" sela,b] R" s€[a.,b] Ps
/ Sup Qs / Sup pPs
R” s€la,b] R s€la,b]

(bla)"? f sup py
R” sela,b]

.
and we have already shown that this integral converges.

7

L2\ 12
Fs

Ps
N 172

IA

IN

Ps

D. Proof of That (72) Implies (73)
Let 2 > 1 and ¢,(x) = x' — 1. By (72), we have that for any
s> 0,

d 1
T3P 1) = =500, (Vs [l p1s)- (122)

ds
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where
Jo v | ) = /R ” ¢ (OIVfPdu
N2
=1 R
@-n | f7=

where f = dv/du. Recalling the definition of Rényi divergence
(91), we have that for any 4 > 1

2
1A S £ R
2 1+ DtpA(Vs”ﬂs)
2G4, 5s).

du,

d
= Da(vylluy) = —
ds A (Vsllus)

We have that G(4, s) is continuous in both 4 > 1 and s > 0,
and that lim,_,; G(4, 5) = —3J(vllu,). Recall that

Dyr(vills) = 1im Da(villuss)- (123)
The theorem then follows by exchanging of limits in
d . . d
75 M Dy (vsllg) = lim —2Da(vlus)
Eirr} G4, s)

1
=5 Wil

which is valid because G(4, s) is continuous in (4, s) € [1, c0) X
(0, c0).
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